
Evolutionary Search of Approximated N-DimensionalLandscapes �Ko-Hsin LiangSchool of Computer ScienceUniversity College, The University of New South WalesAustralian Defence Force Academy, Canberra, ACT 2600, AustraliaXin YaoSchool of Computer ScienceThe University of BirminghamEdgbaston, Birmingham B15 2TT, UKCharles NewtonSchool of Computer ScienceUniversity College, The University of New South WalesAustralian Defence Force Academy, Canberra, ACT 2600, AustraliaAbstractFinding the global optimum on a large, multimodal, complex, and discontinuous (or nondif-ferentiable) landscape is usually very hard, even using the evolutionary approach. However, someof these complex landscapes can be approximated and smoothened without changing the natureof the problem, i.e., without modifying the global optimum and its location. The approximatedand smoothened landscape is often much easier to search than the original one. In this paper, wepropose a new algorithm using landscape approximation and hybrid evolutionary and local search.We also list several algorithm design principles. Following the basic algorithm, an example algo-rithm is given from our previous work of the combination of landscape approximation and localsearch (LALS). Furthermore, we develop a novel evolutionary algorithm with n-dimensional ap-proximation (EANA), which shares the same rules as the basic algorithm, but remedies some ofthe drawbacks found in the LALS. Comparisons with evolution strategies and improved fast evolu-tionary programming are also given in this paper to show the advantages and disadvantages of theproposed algorithms.1 IntroductionEvolutionary algorithms (EA) have been appliedto many optimization problems successfully in re-cent years. One of the essential applicationsof EA is global optimization on numerical prob-lems [5, 3, 18, 35]. A global optimization problemcan be formalized as a pair (S; f), where S � Rnis a bounded set in Rn and f : S ! R is an n-dimensional real-valued function. The problem isto �nd a vector x̂ 2 S such that f(x̂) is a globalminimum on S. More speci�cally, it is required to�nd an x̂ 2 S such that 8x 2 S : f(x̂) � f(x):Here f does not need to be continuous, but it hasto be bounded.A common feature of EA on solving numeri-cal functions is the usage of the step size concept.Evolutionary programming (EP) [12] and evolu-

tion strategies (ES) [27] both use self-adaptationto adjust the step size and improve the searchprogress. The self-adaptation schemes normallyhave the trend of tuning the objective variableswith smaller step sizes during the latter evolution-ary stage. In a multimodal problem, if an indi-vidual stays in a local optimum at this time andthe landscape between the �nal local optimum andthe global one is really rough or very hilly, it is in-evitable that the �nal solution will become trappedand the probability to jump over the hurdle will bevery small.To overcome this di�culty, recombination op-erators play a signi�cant role. A good recombina-tion operator provides e�cient global search intopromising areas. To develop a better recombina-tion operator, approximation and local search tech-niques are used in this paper. It can help to solve�Published in International Journal of Knowledge-Based Intelligent Engineering Systems, 4(3):172-183, July 2000.1



high dimensional multimodal problems more e�-ciently and e�ectively.1.1 Methods with Local SearchThe local search techniques have been applied invariant global optimization methods. The simplestmethod is known as Multistart. This method ap-plies local search from each randomly generatedpoint. However, local searches are the most timeconsuming parts in the algorithm. Obviously, theine�ciency is caused by using many local searchesto �nd the same minimum several times. Toimprove the ine�ciency, clustering methods [30]and the Multi-Level Single Linkage [25] are de-signed. They use variant clustering techniques tolink points to di�erent groups. Within each grouplocal search is only conducted on one point andthe found local optimum is assumed to be the rep-resentative of that group. These methods provideimpressive results to the benchmark test functionin Dixon and Szeg�o (1978) [11]. However, whensolving a problem with a large number of minima,these methods may not be suitable [25, 1].Using local search techniques can indirectlychange the roughness of the �tness landscape. InFigure 1, the e�ect of local search on the one-dimensional (1D) landscape of the generalized Ras-trigin's function is displayed. The di�cult prob-lem becomes easier to solve after applying the localsearch method. Under this concept, it has previ-ously been applied in genetic algorithms and hassubstantially improved their performance for somemultimodal problems [32, 13]. In terms of evolu-tion, the local search can be thought of as a con-sequence of individual learning during the individ-ual's life time. Combining learning and evolutionhas the e�ect of changing the �tness landscape.The �tness of an individual will be changed af-ter applying a learning process (i.e., local search).However, the individual's genetic codes (parame-ters) may or may not be altered depending on theway that learning and evolution interact. They areknown as Lamarckian evolution and the Baldwine�ect [6, 14], respectively. In Hart and Belew [13],the performances of the Baldwin e�ect and Lamar-ckian evolution are compared. It should be noticedthat the usage rates of local search to the GA havedi�erent impacts on the evolutionary process. Todesign an e�cient search algorithm, the applica-tion of the local search should be carefully consid-ered. For combinatorial problems, the \STAGE"algorithm using local search and quadratic approx-imation has obtained many successes [9].1.2 Methods with ApproximationUsing approximation techniques to transform acomplex problem into a simpler one is an attrac-

tive idea. Some work has been done on this topic.Two major approaches can be categorized, i.e., thepolynomial approximation and computer modelapproximation. The early work of applying poly-nomial approximation to optimization dates backto Win�eld [33] in the late 1960's. He used aquadratic model to interpolate the next minimalpoint. The next closed method was developed in1994, when Powell [21] used linear multivariate in-terpolation to solve constrained optimization. Healso explored the idea further by using a multi-variate quadratic interpolation model to solve un-constrained optimization problems [22]. A variantof using multivariate quadratic polynomial tech-niques was proposed later by Conn and Toint [10].They also provided some impressive numerical testresults.The computer model approximation is amethod to model the deterministic output of com-puter experiments as a stochastic process. Thepopular approach is called \Design and Analysisof Computer Experiments"(DACE) [26, 16]. Thisapproximation model, also named \surrogate", hashad some successful applications in engineering de-sign [8, 29]. Recently, an e�cient global opti-mization algorithm was developed using the DACEmodel by Jones et al. [15].Using approximation and/or local search tech-niques in evolutionary algorithms have providedmany successful applications, for example theevolutionary algorithms with kriging approxima-tion [23, 24], the evolutionary algorithms with lo-cal search [32, 13, 7], the crossover operators withapproximation concepts [28, 2] and the evolution-ary algorithm with both landscape approximationand local search (LALS) [17]. The LALS algorithmdemonstrated high reliability in �nding the globaloptimum of the benchmark multimodal problems.In this paper, we propose a new algorithm usinglandscape approximation and hybrid evolutionaryand local search. We list several algorithm designprinciples. Following the basic algorithm, an ex-ample algorithm, LALS, is given. In the meantime, a novel algorithm is developed and sharesthe same rules as the basic algorithm, but reme-dies some of the drawbacks found in the LALS.The experimental results show that the new al-gorithm has good global reliability and better ef-�ciency then traditional evolution strategies andevolutionary programming.The rest of this paper is organized as follows.Section 2 describes the basic evolutionary algo-rithms using approximation and local search. Anexample algorithm is also given. Section 3 intro-duces an enhanced algorithm which improves thedrawbacks of the LALS. The empirical results anddiscussions are presented in Section 4. Finally, Sec-tion 5 concludes the paper with some remarks andfuture research directions.2
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Fitness after local searchFigure 1: The e�ect of local search on the 1D landscape of the generalized Rastrigin's function.2 Evolutionary Algorithmswith Approximation andLocal SearchWhen designing a global optimization algorithm,two basic aspects should be considered, global ap-proach and local approach. A common conceptused in many optimization algorithms is the stepsize control. To ensure the current optimum lo-cated in certain neighbour areas, the small stepsize is needed. To prevent the search being trappedin a local optimum, the large step size can helpto jump out and search somewhere else. For ex-ample, the Cauchy mutation used in evolutionaryprogramming combines both large and small stepsizes in one operator, and makes the tradeo� be-tween global and local search via the Cauchy dis-tribution [35, 36].An intuitive way for the local approach is ap-plying some hill-climbing or local search techniquesto the starting points. Therefore, using randomlygenerated starting points as the global approachis the so called \Multistart" method. Many globaloptimization methods using local search techniqueshave shown promising results in solving di�cultnumerical problems.Applying approximation to solve unimodalproblems may be an e�cient approach [21]. Al-though the approximation can provide suggestionsfor the next search regions, it may fail if toolittle information is available on a very ruggedlandscape. Especially, when tackling high dimen-sional multimodal problems, implementing a pre-cise enough approximation becomes too costly.However, we are not interested in how hilly thelandscape is. We are only concerned with wherethe deepest valley could be. Hence using infor-mation from local minima, we expect the approxi-mated results may provide some promising searchdirections.

To illustrate the basic idea, Figure 2 shows asimple way to use quadratic approximation andlocal search on one dimensional case of Ackley'sfunction. In this example, P1, P2, P3 are three lo-cal minimal points, P4 is the estimated point andis mapped to the �tness point P 04. After proceed-ing a local search from P 04, the potential of �ndingbetter optima can be strongly expected.In the following, we propose a basic algorithmusing local search and approximation techniquesinto evolutionary algorithms.Algorithm A0: Basic algorithmStep 1: Generate � individuals and their localsearch information.Step 2: Apply � individuals to provide � pre-dicted minimum points using approximationtechniques.Step 3: Obtain local search information for � in-dividuals.Step 4: Select next generation from �, �, and �individuals.Step 5: Go to Step 2 if termination criteria arenot met.The Algorithm A0 provides a skeleton to de-velop global optimization algorithms using evolu-tionary algorithms with approximation and localsearch techniques. To implement a practical algo-rithm, some principles are discussed in the follow-ing.| Select an e�cient local search tech-nique. We can categorize local searchinto gradient or non-gradient based methods.Many real world problems have di�culties tocompute any associated derivatives (gradientor Hessian). For non-gradient based localsearch methods, direct search methods [20,3
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P4’Figure 2: The 1D landscape approximation with local search result on Ackley's function19], linear approximation method [21], andlocal evolutionary search [31] are all verygood choices.| Decide the population size. Since we usethe local minimum information to performapproximation, each individual will more andless possess such information to make it use-ful. The larger the population size, themore local search will be executed. Localsearch is expensive (computationally), espe-cially when non-gradient based local searchmethods are used. However, the larger pop-ulation can support better search diversityand increase the probability to �nd the globaloptimum.| Use a simple approximation method.A basic principle of applying approximationtechniques is that the approximated functioncan be easily calculated to get the approxi-mated minimum location. A quadratic poly-nomial with least squares approximation is agood example and has been applied in someoptimization methods [33, 22, 10, 17]. TheDACE model based on Bayesian statisticscan give more precise approximation aboutthe landscape, however other auxiliary globaloptimization algorithms are needed to obtainthe approximated minimum from the approx-imation function. Di�erent approximationmethods also demand di�erent � individuals.The larger � is, the more precise approxima-tion can be obtained.| Maintain the local search information.It is possible that the approximated mini-mum is poor or out of variable boundaries.If any of these happen, either discarding ormodifying the individual has to be made.| Consider that � is more than one. Us-ing more approximated minima in one gener-

ation can increase the search diversity. Whenthe problems have more than one rugged val-ley, performing approximation search at dif-ferent areas at the same time could be meri-torious.| Make the algorithm stop. Stopping cri-teria are an important subject in stochasticalgorithms. For the algorithms using localsearch, suitable stopping rules can make itmore e�cient. In most test problems theglobal optima are known, we can stop thealgorithms once the global optima are found.If the optima are unknown, the algorithmsstop when the computation resources are allused or some convergence situations are met.| Add other evolutionary operators.Since Algorithm A0 is derivative from evo-lutionary algorithms, any evolutionary oper-ators can be freely added to increase its ef-fectiveness and e�ciency.2.1 An ExampleIn our previous work, we developed a method usinglandscape approximation and local search (LALS)with EA to solve multimodal problems [17]. Theempirical results of 18 benchmark problems showthat LALS has very good global reliability. TheLALS algorithm is stated as follows.Algorithm A1: LALSStep 1: Generate � individuals and their localsearch information.Step 2: Obtain 3 individuals from global discreterecombination and use the quadratic approx-imation technique to provide 1 predictedminimum point.4



Step 3: Perform local search for the approxi-mated individual.Step 4: Make (� + 4) selections for next genera-tion.Step 5: Go to Step 2 if termination criteria arenot met.The principles and techniques used in LALS areas follows:| The local search technique is the Local Evo-lutionary Search with Random Memorizing(LESRM) from Voigt and Lange (1998) [31].| Three population sizes are used to deal withdi�erent di�culties of the problems, 50,30,and 10.| The LALS uses one-dimensional quadraticpolynomial approximation.| The approximated minimum is always usedto do local search.| One approximated minimum is generated.| The stopping criteria are the maximum num-ber of function evaluations is reached or thedi�erences of the �tness values of P1; P2; P3are less than 1e-6.| The global discrete recombination is added.3 The Evolutionary algorithmwith n-dimensional approx-imationThere are three weaknesses in LALS. Firstly, theapplication of local search in LALS is ine�cient.In examples of solving high dimensional problems,the good results can only be obtained by increas-ing the population size, which means the uncondi-tional uses of local search are questionable for highdimensional problems. Furthermore, the approx-imated point in LALS also unconditionally per-forms a local search, no matter how bad the pointis. The second weakness of LALS is obviously theapproach of the one-dimensional approximation.When solving the problems with non-separablevariables, the LALS could not correctly predict theoptimal location and thereby degraded its perfor-mance.The third improvement is related to the LALS'sstopping rule. In some cases, the 3 obtained indi-viduals from global discrete recombination neverhave the same �tness values and the LALS fails tostop.In this section, we propose an enhanced algo-rithm to improve the design of the LALS. This isthe evolutionary algorithm with n-dimensional ap-proximation (EANA) stated as follows.

Algorithm A2: EANAStep 1: Generate � individuals and their localsearch information.Step 2: Obtain � individuals from global discreterecombination and use the n-dimensionalquadratic approximation technique to pro-vide 1 predicted minimum point.Step 3: Perform local search for the approxi-mated individual with a probability rule.Step 4: Make (�+ �+1) selections for next gen-eration.Step 5: Go to Step 1 if termination criteria arenot met.We describe the improved design in EANA fol-lowing the same sequence as the LALS in the lastsection.| The same local search technique is used.| The population size is set to 2n+1, where nis the problem dimension. This design is tomatch the approximation method describedin the next section.| In EANA, the n-dimensional approximationis implemented by using a quadratic poly-nomial model created with the least squaresmethod. Hence � is equal to 2n+ 1.| Perform local search for the approximatedminimum if the approximated minimum isless than any one of the � parents, otherwiseperform local search with a probability of 0:5.| One approximated minimum is generated.| The algorithm terminates when 1000 gener-ations have evolved, or all the step sizes ofeach parent are less than 1e� 6, or the bestthree parents are too close to each other,which means it stops if jx1;j � x2;j j < 0:0001and jx2;j � x3;j j < 0:0001, 8j 2 f1; � � � ; ng.| The same global discrete recombination isadded.A special design of the EANA not mentionedabove is that the EANA does not initialize the pop-ulation with any local search in Step 1. Instead,each parent proceeds with a single downward step(1+1)-EA in each iteration and then an approx-imation is made of those parents. That is, theapproximation does not need to wait for the re-sults of local searches. The rough tendency of thelandscape will be getting smoother when all theparents reach their valley bottoms. Therefore, theiteration in Step 5 goes back to Step 1.The local search method used in both Algo-rithm A1 and A2 is the Local Evolutionary Searchwith Random Memorizing (LESRM) from Voigt5



and Lange (1998) [31]. LESRM generates promis-ing new search directions from pre-stored solutionsto the current point. A generated good solution isstored in a sequential memory which is randomlyaccessed later. Very impressive results of solvingsome unimodal functions are shown in [31]. Whenapplying LESRM, we modify it with di�erent stop-ping criteria. The search is terminated if 5000 func-tion evaluations are used or the search step size isless than 1e� 6.The global discrete recombination is that eachnew individual's objective variable is decided atrandom and copied from one of the parents:xi;j = x�;j ;8j 2 f1; � � � ; ng;where xi;j denotes the j-th component of the vec-tors xi, 8i 2 f1; � � � ; �g, n is the dimensionality.� denotes a uniform distributed random integer inf1; � � � ; �g, and � is the population size.A brief introduction of the n-dimensional ap-proximation is described in the next subsection.3.1 Landscape Approximation |The Polynomial ModelThe polynomial approximation model is used toapproximate an n-dimensional landscape in theEANA algorithm.A quadratic polynomial model has the form:y(x) = c0 + nXi=1 cixi + nXi=1 ci+nx2i+ n(n�1)=2Xi=1 ci+2nxjxk; (1)where n is the number of variables, ci is the i-th polynomial coe�cient, and 1 � j < k � n.There are t = (n + 1)(n + 2)=2 unknown coe�-cients. Thus, we need at least t sample points toobtain a unique solution. This polynomial modelwith t sample points expressed in matrix notationis y = Xc; where y is the vector formedby t �tness values of the sample points, y =[y1; y2; � � � ; yt]T, and c is the vector of unknowncoe�cients, c = [c0; c1; � � � ; ct�1]T, and X is thematrix expressed asX = 2664 1 x(1)1 � � � x(1)n (x(1)1 )2 � � �... ... . . . ... ... . . .1 x(t)1 � � � x(t)n (x(t)1 )2 � � �(x(1)n )2 x1x(1)2 � � � xn�1x(1)n... ... . . . ...(x(t)n )2 x1x(t)2 � � � xn�1x(t)n 3775

The unique least squares solution of c isc = (XTX)�1XTy;if XTX is non-singular.Using the quadratic polynomial model of Eq. 1to obtain an approximated point will need (n +1)(n + 2)=2 points. This will be a major chal-lenge coping with high dimensional problems. Fora 30-dimensional problem, for example, we need496 individuals to accomplish this job. An alterna-tive and simpli�ed approach is to discard the thirdsummation in Eq. 1. Therefore, only 2n+ 1 indi-viduals are needed to perform an approximation1.To understand the impact of the simpli�ed versionof quadratic approximation, we ran a preliminaryexperiment to compare the di�erence on compu-tation time and performance between the originaland the simpli�ed quadratic approximation. Theexperiments are tested on the generalized Rastriginfunction with various dimensions using AlgorithmA2. On the left of Figure 3 shows the computa-tion time used to accomplish 20 runs in the ex-periments. The time used on the 30 dimensionalproblem is 57 hours from the original version, and10 minutes from the simpli�ed version. However,the performances on the successful rate of �ndingglobal minima from both versions are quite closeas referred to the right of Figure 3. The worseoutcome can be expected from the simpli�ed ver-sion, since we may lose some information from theapproximation.Even though the original quadratic approxi-mation supports better approximation, the com-putation cost from both the population and ma-trix size will exponentially increase with the func-tion dimension. In this paper, only the simpli�edquadratic approximation is applied in AlgorithmA2.4 ResultsThe EANA algorithm is designed to solve multi-modal problems. We use all the multimodal func-tions tested by LALS [17] and two more functionsfrom [4] in our experimental studies. Table 1 listsall the test functions. To compare the performanceof EANA, we also list the results of ES and Im-prove Fast EP (IFEP) [34] in the tables in the nexttwo sections. The ES uses n self-adaptive strategyparameters and no correlated mutations. Recom-bination is discrete on object variables and globalintermediate on strategy parameters. The selec-tion uses a (15; 100) mechanism. In IFEP eachparent generates two o�spring, one with Gaussian1The matrix computation is implemented with the public domain package LinAlg available from http://www.lh.com/�oleg/ftp/packages.html 6
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Simplified versionFigure 3: The di�erence on computation time (left) and performance (right) between the original andsimpli�ed quadratic approximation on solving Generalized Rastrigin function.and the other with Cauchy mutation. It is a verysimple and e�ective algorithm for function opti-mization. The parameter setup follows the sugges-tions from [34]. Each problem for each algorithmis run 50 times. The average function evaluationsand best values are recorded. The number of theglobal minimum found is also noted and named as\global hit".To compare the three algorithms, we regardthe global hits as the primary objective achievedby the algorithm and the function evaluations asthe second objective. Although the qualities of theproblem's solutions are important, their values ob-tained are highly relevant to the function evalua-tions used. For comparisons, the following rulesare used sequentially:Rule 1: If both algorithms have 100% global hits,we use rule 5.Rule 2: If only one algorithm has 100% globalhits, we infer this algorithm outperforms theother.Rule 3: If no algorithms have 100% global hitsand both results of the global hits are close,we use rule 5.Rule 4: If no algorithms have 100% global hitsand the results of the global hits have over25% di�erence, we infer the algorithm withhigher global hits outperforms the other.Rule 5: The function evaluations are used tocompare the e�ciency. If the relative dif-ference is larger than 0.1, the algorithm withthe less function evaluations outperforms theother. Otherwise, a t-test is needed to makea comparison.In order to facilitate comparisons, we haveused the same numbering system for the bench-mark functions as that used in previous studies[36, 17, 34, 35]. That is why the benchmark func-tions were not numbered from 1.

4.1 High Dimensional MultimodalFunctions(f8{f13,f26,f27)Functions f8{f13,f26,f27 are high dimensional mul-timodal functions with many local minima. Thenumber of local minima increases exponentially asthe function dimension increases. These functionsappear to be very \rugged" and di�cult to opti-mize. Table 2 lists the experimental results for ES,IFEP, and EANA. The problem results are madebold for those algorithms which have better per-formance.For functions f8, f9, f11, and f27, the EANAoutperforms ES and IFEP from its e�ectivenessand/or e�ciency. The ES is better on functions f10and f12, where it provides better e�ciency. TheIFEP outperforms the others on function f13 withbetter e�ciency than the EANA, and better e�ec-tiveness than the ES. The case of the function f9 isworth noticing where the EANA has a much moreoutstanding performance. A further understand-ing about the causes of the di�erent results will bediscussed in Section 4.3.The f26 is called the Fletcher-Powell function,which no algorithm is clearly preferred. Since theEANA has di�culty to terminate f26 properly, alower mean best does not mean it is better. No al-gorithm could �nd any global minimum. We redothe EANA and make it stop if the number of func-tion evaluations is over 200000 to make fair com-parisons. We �nd that the mean best is equal to1195.08, which shows that the EANA outperformsthe others. From the results of f26, we observe thatif the approximated point is not good we then pro-ceed with a local search with probability 0.5, whichmay use unnecessary searches before all the indi-viduals stop. This is a di�cult tradeo� betweenthe search diversity and the search e�ort.7



Table 1: The 20 test functions used in our experimental studies, where n is the dimension of the func-tion, fmin is the minimum value of the function, Nmin is the number of the function's minima, andS � Rn.Test function n Nmin S fminf8(x) =Pni=1�xi sin(pjxij) 30 8n [�500; 500]n -12569.5f9(x) =Pni=1[x2i � 10 cos(2�xi) + 10)] 30 11n [�5:12; 5:12]n 0f10(x) = �20 exp��0:2p 1nPni=1 x2i� 30 65n [�32; 32]n 0� exp � 1nPni=1 cos 2�xi�+ 20 + ef11(x) = 14000 Pni=1 x2i �Qni=1 cos� xipi�+ 1 30 1.64e52 [�600; 600]n 0f12(x) = �n �10 sin2(�y1) +Pn�1i=1 (yi � 1)2[1 + 10 sin2(�yi+1)] 30 5n [�50; 50]n 0+(yn � 1)2	+Pni=1 u(xi; 10; 100; 4),yi = 1 + 14 (xi + 1)u(xi; a; k;m) =( k(xi � a)m; xi > a;0; �a � xi � a;k(�xi � a)m; xi < �a:f13(x) = 0:1�sin2(3�x1) +Pn�1i=1 (xi � 1)2[1 + sin2(3�xi+1)] 30 30n [�50; 50]n 0+(xn � 1)2 [1 + sin2(2�xn)]	+Pni=1 u(xi; 5; 100; 4)f14(x) = � 1500 +P25j=1 1j+P2i=1(xi�aij)6 ��1 2 25 [�65:536; 65:536]n 1f15(x) =P11i=1 hai � x1(b2i+bix2)b2i+bix3+x4 i2 4 1 [�5; 5]n 0.0003075f16(x) = 4x21 � 2:1x41 + 13x61 + x1x2 � 4x22 + 4x42 2 6 [�5; 5]n -1.0316285f17(x) = �x2 � 5:14�2 x21 + 5� x1 � 6�2 + 10 �1� 18� � cosx1 + 10 2 3 [�5; 10]� [0; 15] 0.398f18(x) = [1 + (x1 + x2 + 1)2(19 � 14x1 + 3x21 � 14x2 2 4 [�2; 2]n 3+6x1x2 + 3x22)]� [30 + (2x1 � 3x2)2(18 � 32x1+12x21 + 48x2 � 36x1x2 + 27x22)]f19(x) = �P4i=1 ci exp h�P4j=1 aij(xj � pij)2i 3 4 [0; 1]n -3.86f20(x) = �P4i=1 ci exp h�P6j=1 aij(xj � pij)2i 6 4 [0; 1]n -3.32f21(x) = �P5i=1[(x� ai)T (x� ai) + ci]�1 4 5 [0; 10]n �1=c1f22(x) = �P7i=1[(x� ai)T (x� ai) + ci]�1 4 7 [0; 10]n �1=c1f23(x) = �P10i=1[(x� ai)T (x� ai) + ci]�1 4 10 [0; 10]n �1=c1where c1 = 0:1f24(x) = 0:5 + sin2px21+x22�0:5[1:0+0:001(x21+x22)]2 2 1 [�100; 100]n 0f25(x) = (x21 + x22)0:25 [sin2(50(x21 + x22)0:1) + 1:0] 2 1 [�100; 100]n 0f26(x) =Pni=1(Ai � Bi)2 30 2n [��;�]n 0Ai =Pnj=1(aij sin�j + bij cos�j)Bi =Pnj=1(aij sinxj + bij cosxj)f27(x) = �P30i=1 ci[exp(� 1�A) � cos(�A)] 30 > 10n [0; 10]n unknownA =Pnj=1(xj � aij)2
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f27 is the generalized Langerman function2. Wedo not know the �tness value of its global mini-mum, hence the global hits are not available.From functions f10, f12, and f13, although theEANA has good global hit, it still spent many func-tion evaluations. We observe the results are causedbecause the stopping conditions are too late to bemet. A good stopping rule is needed in our futurework.4.2 Low Dimensional MultimodalFunctions(f14{f25)The �nal results of ES, IFEP, and EANA on func-tions f14{f25 are summarized in Table 3. For func-tions f15{f24, the EANA has better performancesthan ES and IFEP from the global hit and/or thefunction evaluations. The EANA on function f14is the only case among all 20 benchmark problemsthat has a much worse global hit than both ESand IFEP. Further discussions about the results offunction f14 are deferred to the next section. Forfunction f25, IFEP is better at �nding global min-imum in all 50 runs.Although the EANA has better performance onfunctions f20{f24, it still misses global optima insome case of these problem. We notice that thesearch diversity is contributed mainly by the ap-proximated individual in every generation throughthe evolutionary process. If bad approximationkeeps happening, we probably need other strate-gies to compensate this drawback. That is, morethan one approximated minima should be consid-ered to enhance the search diversity.4.3 DiscussionsAccording to Table 2, the EANA algorithm hasbetter reliability to �nd global optima than bothES and IFEP on high dimensional problems withmany local minima. From Table 3, EANA canmaintain good search diversity to �nd the globalminima, but with less search e�ort on most prob-lems. However, EANA still needs improvement onglobal hits on some low dimensional problems.The advantages and disadvantages are dis-cussed using functions f9 and f14 as exampleswhere the large discrepancies were found. Figure 4shows the two dimensional landscape of functionsf9 and f14. In the beginning we inferred that thebetter performance of EANA on f9 was broughtabout by its bigger population size. However, byredoing the experiment with � = 10, we obtainedthe same global hit (50/50), and the average func-tion evaluations were even less (21358). Therefore,we conjecture that the n-dimensional approxima-tion may be the direct contributor. Some randomlydistributed points can easily be approximated to a

spherical shape which matches the quadratic poly-nomial model and can e�ciently provide a goodestimation of the global optimum. Finding moreevidence to support our assumption will be an aimin our future research.Function f14 is one of the examples whereEANA's performance was worse. This could becaused by the small population size of EANA(� = 5). By increasing the population sizes ofEANA, the experimental results show that the in-creased population size does help to improve theperformance. However the computational e�ort istoo costly. The population size is an important keyto LALS [17], but not to EANA. There are 25 holesin function f14 (see Figure 4). Suppose an individ-ual in the initial population of EANA is locatedin the region of attraction of the global optimum.Before it reaches the bottom, we still have chancesto lose it through the selection procedure. If wedo not have such an individual, the approximationwill be the only chance to generate one.From the discussions of the results of functionsf9 and f14, it is apparent that the population sizeis no longer a key parameter in EANA. Tuning thepopulation parameter becomes unnecessary. Thiscan be an important advantage in the applicationof EANA by users who may not have expertisein evolutionary computation. The n-dimensionalapproximation can be regarded as a form of re-combination operator and an important merit tothe EANA algorithm. The disadvantage is thatthe single approximation will stop providing thesearch diversity when all the individuals reach thelocal minima and have no more variations.5 ConclusionsIn this paper we have proposed a basic evolu-tionary algorithm using approximation and localsearch to tackle global optimization problems. Anovel evolutionary algorithm with n-dimensionalapproximation, EANA, was developed followingour design principles. EANA improves some ofthe drawbacks of our previous work, LALS. Theempirical comparisons were made among the tra-ditional ES and improved fast EP. The compar-isons of the algorithms' performances are made us-ing �ve rules considering the global hits, the func-tion evaluations, and solution values. EANA canprovide more e�cient performance with equivalentreliability on some high dimensional multimodalproblems. However, there are some experimentalresults raising the issue that EANA may not haveenough search diversity during later evolutionarystages. Hence, using two or more approximationsin one generation to increase EANA's explorationability will be included in our future work. Someanalysis work is also needed to explain the ideas2The matrix data (aij) can be found at http://www.wi.leidenuniv.nl/CS/ALP/alea.html.9



Table 2: The results of ES, IFEP and EANA on f8{f13,f26,f27. \Eval." is the number of evaluations.\G. hit" is the global hits.Prob ES IFEP EANAEval. Mean G. hit Eval. Mean G. hit Eval. Mean G. hit8 241500 -10091.26 0/50 757500 -10640.18 0/50 102470 -12191.21 0/509 500000 344.44 0/50 500000 2.89 1/50 83483 1.99e-2 49/5010 100000 2.66e-10 50/50 150000 6.33e-4 50/50 181578 3.30e-5 50/5011 100000 0 50/50 176500 1.27e-1 3/50 9372 2.05e-10 50/5012 50000 1.06e-9 50/50 476245 2.49e-2 40/50 185318 8.14e-11 50/5013 50000 4.40e-4 48/50 150000 4.42e-8 50/50 349059 1.88e-9 50/5026 200000 5223.03 0/50 200000 23438.64 0/50 1139316 222.81 0/5027 200000 -9.20e-3 N/A 200000 -8.55e-2 N/A 49839 -0.24325 N/A
Table 3: The results of ES, IFEP and EANA on f14{f25. \Eval." is the number of evaluations. \G.hit" is the global hits.Prob ES IFEP EANAEval. Mean G. hit Eval. Mean G. hit Eval. Mean G. hit14 1000 4.18 33/50 10000 1.56 33/50 1685 7.36 4/5015 400000 3.92e-3 44/50 235500 4.17e-4 44/50 31645 3.07e-4 50/5016 2500 -1.031628 50/50 3500 -1.031628 50/50 863 -1.031628 50/5017 3000 0.3979 50/50 4500 0.3979 50/50 945 0.3979 50/5018 3500 3 50/50 4500 3 50/50 822 3 50/5019 4000 -3.86 50/50 6000 -3.86 50/50 1297 -3.86 50/5020 10500 -3.31 43/50 17500 -3.26 24/50 8357 -3.3128 46/5021 5000 -6.71 24/50 10000 -7.02 21/50 2958 -9.6512 46/5022 5000 -9.14 41/50 9500 -8.42 34/50 2880 -9.1430 41/5023 5000 -9.32 42/50 7500 -9.09 39/50 3118 -9.5767 43/5024 4000 1.81e-2 1/50 8500 8.86e-3 4/50 1181 2.97e-2 30/5025 10000 1.42e-1 48/50 10000 2.47e-3 50/50 1687 3.19e-1 44/50
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Figure 4: The 2D landscapes of Generalized Rastrigin function f9 (left) and Shekel's foxholes functionf14 (right). 10
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