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Abstract

In spite of many applications of evolutionary algorithms in optimisation, theoretical results on
the computation time and time complexity of evolutionary algorithms on different optimisation
problems are relatively few. It is still unclear when an evolutionary algorithm is expected to solve
an optimisation problem efficiently or otherwise. This paper gives a general analytic framework for
analysing first hitting times of evolutionary algorithms. The framework is built on the absorbing
Markov chain model of evolutionary algorithms. The first step towards a systematic comparative
study among different EAs and their first hitting times has been made in the paper.
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1. Introduction

Evolutionary algorithms (EAs) are often used in optimisation [7,10,20,27,34]. Many
experiments have been reported about successful applications of EAs in various combi-
natorial optimisation problems [18,35]. However, little is known about the computation
time and time complexity of EAs for various optimisation problems except for a few cases
[5,6,26,32].

Back [1] and Mihlenbein [21] studied the time complexity for the simple ONE-MAX
problem. Rudolph [25] gave a comprehensive survey of the theoretical work up to 1997 and
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provided an @ logn) upper bound for thél + 1) EA using the 1-bit-flip mutation for
ONE-MAX problem. Garnier et al. [9] compared two different mutations (@ & 1) EA,

i.e., thec/n mutation and the 1-bit-flip mutation, when they are applied to the ONE-MAX
problem, and showed that the bound on EA's average computation time in the former case
is larger than that in the latter case by a facto¢bf- e—<)~1. Droste et al. [4,5] improved
these results by showing that these upper bounds can be reached: they proved that the
time complexity of the(1 4+ 1) EA with ¢/n mutation is indeed® (n logn). Furthermore,

they generalised this result to any linear binary functions. Some other unimodal functions,
e.g., long path problems [8,24], have also been proved to be solvable in polynomial time.
Most of the results mentioned above ugédt+ 1) EAs only. Recombination was rarely
considered, although it may be helpful in some cases [16]. He and Yao [12—-14] made one
of the first attempts toward analysing EAs with recombination and with a population size
greater than 1. This paper will examine b@ih+- 1) and(N + N) EAs.

Markov chain models have been used widely in the analysis of EAs [22,29,31,33]. The
first hitting time of a Markov chain plays an important role in analysing the computation
time and time complexity of EAs. Analytic techniques from the passage time theory for
Markov chains [15,30] are very useful in establishing a generic framework for studying
EA's computation time. An initial idea first appeared in [2,28], but no further study has
been carried out.

This paper builds a general framework for analysing the average hitting times of EAs
based on their absorbing Markov chain models. Such a framework can facilitate answering
qguestions at two different levels. Firstly, at the abstract level, it can help answering
fundamental questions about EAs, such as, what kind of problems are easy (polynomial-
time) or hard (exponential-time) for EAs. It can facilitate comparing first hitting times
among different EAs so that insights can be gained on what makes a problem hard for
an EA. Secondly, at the example level, the framework can facilitate the derivation of the
average first hitting time or its bounds for a given EA and problem.

The following approach is adopted in the paper to establish our framework: We first
study a simplgl + 1) EA which is easy to analyse, and discuss what kind of problems
are difficult for it. Then by taking the simple EA as a starting point, we discuss other more
complex EAs, which can all be regarded as an improvementto the simple EA. They should
have some advantages over the simple EA.

In addition to the proposed general framework based on the absorbing Markov chain
model, this paper has obtained several new results. First, the general approach has been
applied to analysing different EAs by comparing their first hitting times, which were never
done previously. Second, hard problems for EAs have been identified and grouped into two
classes in theory, i.e., the “wide-gap” problem and the “long-path” problem. Third, explicit
expressions of first hitting times for sevefal+ 1) EAs have been obtained. Previously,
only bounds were known [5,26] except for two simple cases given by [8]. Finally, we have
studied some special cases under our framework: one is to generalisé:thog @ result
for the linear function to a more general case and provide a new and shorter proof; the
other is to show that an EA with crossover can solve a problem in polynomial time while
the EA without crossover cannot.

The rest of this paper is organised as follows. Section 2 reviews some existing results
on the first hitting time of Markov chains and also derives some new results on estimating



J. He, X. Yao / Artificial Intelligence 145 (2003) 59-97 61

their bounds. Section 3 introduces the absorbing Markov chain model of EAs used in
this paper and some definitions. Section 4 discuskasl) EAs using different selection
strategies and analyse what kinds of problems are difficult for them. Comparisons among
these EAs are given. Section 5 analyses population-based EAs without and with crossover,
and compares them witti + 1) EAs. Finally, Section 6 concludes the paper with a short
discussion of the results obtained in this paper.

2. Analytic approach tofirst hitting time of Markov chains

This section introduces some fundamental results on the first hitting times of Markov
chains by the analytic approach. Details on this topic can be found in [15] for Markov
chains with a discrete time parameter and in [30] for Markov processes with a continuous
time parameter.

Our objective here is to obtain explicit expressions and bounds of the first hitting time
of a Markov chain from its transition matrix. Such expressions and bounds will be used to
analyse the first hitting time of EAs in later sections of this paper.

Let (X,; t =0,1,...) be a homogeneous absorbing Markov chain defined on a
probability space with a discrete state spate@nd a discrete time parameter with a
canonical transition matrix [15],

(4 )
whereT denotes the set of transient states &he- S — T the set of absorbing states.
Definition 1. Given a Markov chain(X,), define itsfirst hitting time to the absorbing set
H when starting from transient statéo be:

i=min{t;r>0,X, € H| Xo=1i},
with the infimum of the empty set taken to be.

We are interested in the expectatiBfr; ] of the first hitting time. Since it always holds:
7; =0 foranyi € H, we only need to concentrate on the states outsid& set

Theorem 1. Let 7; be the first hitting time of Markov chain (X;) when starting from
transient state i, and denote m; = E[t;], m = [m;];cT, then
m=(-T)"'1, @)
where 1 denotes the vector (1, ..., ).
Proof. The theorem is part of Theorem 3.2 in [15]0
For most transition matricd?, it is difficult or even impossible to determine the inverse

of matrix| — T. We can obtain an explicit expressionrafonly for some simple transition
matrices, e.g., whef is a tridiagonal matrix or a lower triangular matrix. It is important to
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estimate the bounds of in practice. Here we give some new results based on Theorem 1
and drift analysis [12,19].
First we introduce some notations [17]. For vectats [a;] andb = [b;], if for all i,
a; > b;, we shall writea > b. For matricesA = [a;;] andB = [b;;], if for all i, j, a;; > b;;,
we shall writeA > B.
For a Markov chainX,) and for each statec S, a functiond (i) ord;: S — R is called
a metric function if

d = =0, ifieH,
" |>0, ifi¢H.

For any stateé € S, we call

Y @i —dpp, j),
Jjes
themean one-step drift of state i towards set H [12,19].

The theorems below give an analytic way to estimate the bounds of the mean hitting
time of an absorbing Markov chain from its transition matrix.

Theorem 2. Letd = [d;]withd; > 0.1fd—-Td <1, thenm >d.

Proof. Fromd — Td < 1, we get
1-d+Td=>=0.

Since P is a transition matrix,T > 0 and the eigenvalues of are less than 1, so
(I —=T)~1 > 0 and we get

(- ta-d+Td) >0

Thenwe havel —T)"11>dandtherm >d. O
Theorem 3. Letd = [d;] withd; > 0.1fd—Td > 1, thenm < d.

Furthermore, we have the following corollaries.
Corollary 1. Letd = [d;]withd; > 0.1f1—d+Td>a>0,thenm>d+ (I - T) la.
Corollary 2. Letd = [d;]withd; >0.1fd—Td—1>a>0,thenm<d— (I - T) la.

Since the cardinality of state spagés often very large, it is not easy to choose a proper
d; for eachi € S. We often decomposginto subspaces and use a comrador the states

in the same subspace.

Corollary 3. Assume that state space S is decomposed into L + 1 subspaces:

L
s={Js. NSy =0, ifl+k,
=0
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where So = H. There exists a sequence of {do,...,dr} where dp = 0 and d; > 0 for
I=1,...,L.Foranyie S (I=0,...,L),letd; =d,if

L
SN i —dipi. j) =1,

k=0 jeSy
thenforanyi e S; (1 =0,...L),m; <d; =d.

Coroallary 4. Assume state space S is decomposed into L + 1 subspaces.
L
s={Js. NSy =0, ifl+k,
1=0

where Sp = H. There exists a sequence {dp, . .., d;} wheredp = 0and d; > Ofor I > 0. For
anyie S ({=0,...,L), letd; =4, if

L
DN d—dopti.j) <1,

k=0 jeSk
thenforanyi e S (1=0,...,L),itholds: m; > d; =d.

According to Theorems 2 and 3 and the above corollaries, we do not need to solve the
linear systems when we estimate the bounds of the first hitting time.

3. Evolutionary algorithm, Markov chain model and first hitting time

A combinatorial optimisation problem can be described as follows [23]: Given a
problem instance, i.e., a paif, 1), whereS is the set of feasible solutions (a discrete
state space) anfl is an objective functiorf : S — R, the problemis to find am € S such
that

fx)=f), Vyes,

wherex is called a global optimal (maximum) solution to the given instance. Although not
a requirement, the objective function will (or can be made to) take on only non-negative
values. Minimisation problems can be defined similarly.

3.1. Absorbing Markov chain: A model of evolutionary algorithms

In EAs, a solutionx in S is represented by an individual. A population is a collection
of individuals. We always uséxi, ..., xy) to indicate a population o¥ individuals. The
population spacé consists of all possible populations. I(h+ 1) EA, the population
spacer is the same as the state space

An EA for solving a combinatorial optimisation problem can be described as follows.
Given an initial populatiorXg, let X, = (x1, ..., xy) in E be the population at time(i.e.,
generation). Offspring can then be reproduced as follows:
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Recombination Individuals in populatiornX, are recombined, denoted by
rec.:E— E,

yielding an intermediate populatidq(c).
Mutation Individualsin populatior?(t(c) are mutated, denoted by

mut: E — E,

yielding another intermediate populatimﬁ’").

Survival Selection Each individual in the original populatioki; and mutated population
Xt(’") is assigned a survival probability individuals will then be selected to
survive into the next generatiofy 1. This operation can be denoted by

sel:ExE—E.

For most EAs, the state of populatidi1 depends only on populatioyy . In this case,
the stochastic procesX;; r =0, 1,...) is a Markov chain [3,11,26] whose state space is
the population space. If no self-adaptation is used in EAs, the chain will be homogeneous.
In this paper, we do not consider self-adaptation in EAs. In other words, all EAs discussed
in this paper can be modeled by homogeneous Markov chains.

Because we are only interested in the first hitting time of a Markov chain and do not
care about its behaviour after that, we can model the EA by an absorbing Markov chain.
Let H be the set of populations that contain at least one global optimal solution to the
optimisation problem. Define an absorbing Markov chel); r = 0,1,2,...) whose
transition probabilities is given by:

1, ieH, j=i,
pG, j;t)=10, i€H, j#i, 3)
IP(XH_l:jIX,:i), i¢H-

The transition probabilities of Markov chaiiX,) are different from those of chaiiX,)
only in setH. By using the new absorbing Markov chain, it is more convenient for us
to study the first hitting time [30]. In the reminder of the paper, we only consider the
absorbing Markov chain. Without any confusion, we will still usg) to represent the
absorbing chain.

If the chain is homogeneous, i.@(i, j; t) is independent of, we write p(i, j) in short.

3.2. First hitting time of evolutionary algorithms

Let (X;; t=0,1,...) be the absorbing Markov chain associated with an EA, we can
define its first hitting time to find an optimal solution as follows.

Definition 2. Let H C E be the set of populations that contain at least one optimal solution

for a given instance of a combinatorial optimisation problem. Then
=min{t >0; X; € H| Xg=1i}

is defined as thérst hitting timeto H starting from state, and

m; =E[t;; 1, < o0].
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m; indicates the average number of generations needed for an EA to find an optimal
solution starting from initial population

Denotem = [m;];cg. For vectorm, we can define a norm for it. Assume the initial
population distribution igto(i) = P(Xo = i), the norm will be

Imll =" mipno).

ieE

Two special norms are

1
mw=m2m,m

ieE
IMlloo = max{m;}.
ieE

Norms ||m|j1 and ||m|. represent two different performance measures used in the
analysis of EAs:m||1 is related to the average-case analysis, @mdo, to the worst-
case analysis. Starting from these vector norms, we can define the natural matrix norm
induced to the vector norffm ||. The time complexity of an EA can be measured|by]|.

Based onm, we can obtain the total number of operations used by an EA to find
an optimal solution. Letz be the encoding length of an individual. For the binary
representatiom is the string length. Assume that during one generation of arlNEX(n),

NO,, (n), NO;(n), andNO, (n) are the number of operations in recombination, mutation,
selection, and fithess evaluation, respectively, then the mean number of operations for the
EA to find an optimal solution will be

(NO, (1) + NOy, (1) + NOs (1) + NO, (n)) [Im]],
and starting from statge the mean number of operations will be
(NO; (1) 4+ NO,, (1) + NO; (n) + NO, (n))m; .

Usually NO, (n), NO,,(n), NO,(n), andNO,(n) are not difficult to estimate and are
polynomial inn (if one of them was exponential in, the EA would be exponential im;
this EA should never be used in practice).rBas the decisive factor in analysing the time
complexity of an EA. In this paper, we focus on estimating the first hitting timether
than the total number of operations used by an EA.

Definition 3. Given a combinatorial optimisation problem, an EA is said to be of
polynomial time (or exponential time) in » under norm|m|| if ||m| is polynomial (or
exponential) im.

Based on the mean first hitting time we can divide the states into two different
classes:

E(P): Statei in spaceE belongs to clas& (P) if m; is polynomial inn; and
E(NP): Statei belongs to clas& (NP) if m; is exponential im.
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Assume the initial input is selected at random. Based on this classification, we come to
two useful measures for the performance of EAs, that is,

|[E(P)]
|E|
which is the probability of an EA to find an optimum in polynomial time, and

Z m;, 5)

icE(P)

(4)

which is the mean first hitting time of an EA to find an optimum in polynomial time.
Wegener et al. [5,16,32] analysed some Pseudo-Boolean optimisation problems using these
two measures and showed that some multi-start EAs had a higher probghilRy| /| E |

and a much shorter timg’; .z p) m; than(1 + 1) EAs for certain problems.

A fundamental question in the analysis of EAs is: For a given combinatorial
optimisation problem, what is the mean first hitting time of an EA when it is used to solve
the problem?

The following two sections provide an unified general framework to analyse the mean
first hitting time of EAs. The framework enables us to derive both old and new results about
EA's mean first hitting time in a systematic way. It also enables us to see the big picture
and gain insights into future directions for analysing EA's mean first hitting time for other
optimisation problems than those discussed here.

Since the number of entries in the transition matrix is often huge (exponential in
individual and population sizes), an effective technique is to decompose the state space
E into L + 1 subspace%o, E1, ..., Er, whereEg=H.

In this paper we always assurfigr; ] < oo for any state € E, that is, the EA can find
an optimal point in finite time (number of generations). This is an important assumption
in our analysis. In other words, we do not consider EAs which cannot find the optimal
solution in finite time. Such EAs have no practical use in optimisation.

4. Analysisof (1+ 1) evolutionary algorithms

In this section, we restrict our discussion to the binary spaedO0, 1}". DenoteD (i, j)
as the Hamming distance between two statasd ;.

4.1. Elitist selection: Accepting only higher fitnessindividuals
Let’s consider a1 + 1) EA which uses following operators:

Mutation |. Any proper mutation operator applied to population= {x}. After mutation
we get an intermediate populatiai{™ .

Selection |. If (X)) > f(X,), then letX, 1 = X); otherwise, letX,,1 = X,.

A proper mutation operator often used in EAs is
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Mutation I1. Given a populatiorX, = {x}, flip each of its bits with probability,,, > 0.

We start our analysis from this simple EA with the simple selection strategy.

Sinces is a finite state space, fitheggx) takes only a finite number of values. Without
the loss of generality, assume that therefare 1 values. Let’s sort them according to the
descending order,

fo= fmax> f1>---> fL = fmin.

DefineS; tobeS; ={xeS; f(x)=f;},1=0,...,L.
Then the state spadecan be decomposed info+ 1 subspaces:

L
S= Us,.
=0

For the absorbing Markov chaiiX,) associated with the EA, the transition probability

p(i, j) between € Sy andj € S; (I,k=0,..., L), satisfies
1, ieSo, j=i,
0, i€So, j#i,

pi,j)=1420, ie8, jes, k<l,

>0, ieS, j=i
0, else.

In matrix form, we have

I 0
(k7).
whereT is a lower-triangular matrix.

Theorem 4. For an EA using Mutation | and Selection |, its first hitting time is given by

m=(—T)11,
and in more details
m; =0, ieSo,
1 .
A ST he s ©

-1 -
C I 21 Y jes, PG Im;

m; = —1 . ) ieS[,lZZ,...,L.
Zk:o jESk p(lv ])

Proof. It comes directly from Theorem 1 and the fact thitis a lower-triangular
matrix. 0O

The theorem gives the explicit expression of the first hitting timélef 1) EAs using
Selection I.

As an example, let us consider the EA using Mutation Il and Selection | for the ONE-
MAX problem.
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Example 1. Forx = (s1...s,),
f)=> s (7)
i=1

Decompose the state space int¢- 1 subspaces:

n
S; = {x;n—Zsi =l}, [=0,...,n.
i=1
Letanyi € Sy and anyj € S ({,k=0,1,...,n), and define
ar(@) =Y _ pl. j),
JESk

then the transition probability; x (i) is known [9] as,

ZT(J":—OI)/\k ([—]ﬁ+y) (nv—l) (pm)l—k+2v(1 _ pm)n—l+k—2v’ k=0,...,1—1,
a k(i) = 1_22—:%61,’,((1'), k=1,
0, otherwise,
whereu A v =min{u, v}.
Sinceq; (i) is only dependent ohandk, we denoted it in short ag . Now we can
give the explicit expression of the mean first hitting times using Theorem 4,

mo = 0,

l+aami+aomp+---+a—1mj_1
m; = , l=1,...,n.
aotaita2+4+---+a -1

andm; =m; foranyi € S; ( =0,...,n).

It now becomes straightforward, albeit still complex, to compare first hitting times using
different mutation rates and determine which mutation pgtés optimal.

From a more practical point of view, it is interesting to study the conditions under
which the mean first hitting time of an EA is polynomial in its input size. Two immediate
corollaries are of interest to us.

Corollary 5. If [|(I = T)™%l« is polynomial in n, then ||m|| s is also polynomial in .
Corollary 6. If ||(I — T)~1||1 is polynomial in z, then ||m||1 is also polynomial in 7.

Theorem 5. For the absorbing Markov chain associated with an EA using Mutation | and
Selection |, if L is polynomial in n, then ||m|| is polynomial in » if and only if for any /
(l=1,...,L)andfor anyi € S,

1
Zi_:%) jes PG J)
ispolynomial in n.
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Proof. First we prove the necessary condition.
Sinceforl =1,...,L andi € S

-1 ..
- 1+ Zk:l €Sk P(lyj)mj
L -1 ..
Zk:o JE€SK p(l’ .])
< 1
Z -1 PN
Zk:O JjE€SK p(lv ])
andm; is polynomial inn, we arrive at the necessary condition.
Secondly we prove the sufficient condition.
Forl/ =1 and anyi € S1, since ¥ ) p(i, j) is polynomial inr, we know that for
anyi € S1, m; is polynomial inn.
Now assume for ad > 1 and for anyi € S;, m; is polynomial inn. Since L is

polynomial inn, from (6) we get forl + 1 and for anyi € S;4+1, m; is polynomial inn
too. By induction, we have shown foe=0, ..., L andi € S;, m; is polynomial inn. O

J€So

Now we investigate the conditions under whigh| . is exponential inn. From
Theorem 4, it is easy to see that there are only two cases which can lead to an exponential
IMlloo-

Theorem 6. For the absorbing Markov chain associated with an EA using Mutation | and
Selection |, ||m||» isexponential in » if and only if

(1) for some! (1<!< L) andsomestatei: i € Sy,
1
-1 .
2 k=02 jes, PG 1)
isexponential in n, or
(2) foralll (1=1,...,L)andall statesi € S,
1
-1 .
2 k=02 jes P> J)
is polynomial in n. L is exponential in n. There is a metric function d = [d;], where
di=0forallieSy,di >1foralies (I=1,...,L),suchthat

-1
YN Wi —dpph. j)< 1,

k=0 jeSk

and for some statei: i € S, d; isexponential in n.

Proof. First we prove the sufficient conditions.
(1) Assume that condition (1) holds. Then for soh@ <! < L) and some: i € S,

1
-1 .
D k=02 jes, P> J)
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is exponential im. According to Theorem 5g; is exponential im.

(2) Assume that condition (2) holds. We use induction to prove that fé=aD, ..., L,
nm; 2 dl'.

When! =0, for anyi € Sp, we knowm; = d; = 0. Hence, for any € S;: m; > d;.

Now assume that given some > 0), and for allk =0, ..., [, we have, for any € S:
m; > d;. In the following, we will prove that foi + 1, we also have, for anye S;11:
m; >d;.

For anyi € S;+1, we know from Theorem 4 that

l .o
mi —d 1+ k=12 jes, PU. JIm;
a4 = . —di
Zi:oneskP(l,J)
1= YooY jes @ —dppG. )

= ] .
2 k=0 Zjesk pG,Jj)

> 0.

So we have proven that for 1, m; > d; for anyi € S;41.

By induction, we getfof =0, 1, ..., L and for anyi € S;, we haven; > d;.

Since for some state d; is exponential im, so||m|| is also exponential in.

We now prove the necessary conditions of the theorem. Asguniig, is exponential
in n. There exist only two cases.

(1) For somé: 1< < L and some state i € S,

1
I-1 T
D k=02 jes, PG J)
is exponential im. This is condition (1).
(2) Foralll=0,1,..., L and all stateg € S,
1
I-1 T
D k=02 jes, P> J)
is polynomial inn. This is the first part of condition (2). Now we prove the remaining part
of condition (2).
According to Theorem 5. must be exponential in.

Letd; =m; foranyi € S, it is easy to see that = O for any stateé € Sp andd; > 1 for
anystate € S; (I =1,...,L). As aresult of Theorem 4,

-1
D) di—djpl, j)=1.
k=0 jeSk

Since||m||« is exponential im, we know that for someé € S, d; = m; is exponential
inn. O

The above theorem implies an classification of hard functions with respect to the worst-
case analysis of EAs. Intuitively, we can understand the above two conditions from a
“geometric” point of view.
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Condition (1) means that starting from some state in a subsfatiee probability for
the EA to move to upper subspaces with higher fitness is very small. The EA is “trapped”
in the subspacs;, because there is a “wide gap” between the current subspace and upper
subspaces with higher fitness.

Condition (2) means that starting from each subsggacthe probability for the EA to
move to upper subspaces with higher fitness is reasonably large, but the lefigth the
number of subspaces) is exponentiakinThe EA has to take a “long path” to reach the
optimum.

A similar classification according to the average-case analysis is much more difficult
to achieve. Some initial results are given here, which we hope will lead to a complete
classification in the future.

Corollary 7. For the absorbing Markov chain associated with an EA using Mutation |
and Scection I, denote S1(NP) as the set consisting of all following states i: i € §;
(l=1,...,L),suchthat
1
Y20 jes, PG )
is exponential in n. If S1(NP) is reasonably large, that is, |S1(NP)|/|S]| is an inverse
polynomial of n, then ||m||1 isexponential in n.

Proof. From Theorem 6, we know that for each state S1(NP), m; is exponential im.
Since

1
Imil > > omi,
ieS1(NP)
and|S1(NP)|/|S] is an inverse polynomial of, we know that
1
52 ™
ieS1(NP)
is exponential im, and thugim||1 is exponentialim. O

Corollary 8. For the absorbing Markov chain associated with an EA using Mutation | and
Sdlection |, assumethatforall / ({ =1,...,L) andanyi € S,

1

Zg;%) jeSk p(, J)
ispolynomial in n, where L isexponential in n. Thereisa metric function d = [d;], where
di=0forallieSypandd; > 1foralieS (I=1,...,L),suchthat

-1

D> di—dppi, <L,

k=0 jeSk
and for some state i: i € S, d; is exponential in n. Denote S2(NP) as the set of all these
statesi. If So(NP) isreasonably large, that is, |S2(NP)|/|S| is an inverse polynomial of 7,
then ||m||1 isexponential inn.




72 J. He, X. Yao/ Artificial Intelligence 145 (2003) 59-97

Theorem 6 gives us a powerful and useful tool to characterise problems that are hard for
the (14 1) EA using Mutation Il with mutation rate,, = 1/n and Selection | under the
maximum norm. In the following, some examples are given to illustrate how the theorem
can be applied in practice.

First we consider a class of hard functions related to Condition 1 in Theorem 6. This
class of hard functionsf (x), can be described as follows.

Hard Function |. State spacé is decomposed intd + 1 subspaceS$o, S1, ..., S. based
on fitness, andp > f1 > --- > fr. The distance betweefy andS; satisfies

min{D(x, y);i € 81, j € So} >k,

wherek is a linear function of, and thus:* is exponential in:.

It is easy to verify that the above functions satisfy Condition 1 of Theorem 6. For any
i € 81, the transition probabilit[jjesop(i, j) <O(n~*), and then

1
e — O Y (W
Zjesop(is J) (n )
will be exponential. This implies that condition (1) of Theorem 6 holds.

Such functions are what we called “wide gap” problems because the “gap” beSyeen
andsSi is wide. If | S1|/]S| is reasonably large, i.e., an inverse polynomiat pthen Hard
Function | is also hard in terms of the average norm. An example of Hard Function | is the
deceptive function.

Second, according to condition (2) of Theorem 6, we consider another class of hard
functions, which is hard for th¢l + 1) EA using Mutation Il and Selection | in the
maximum norm.

Hard Function I1. SpaceS is decomposed inté + 1 subspaces$y, S1, ..., Sr. based on
fitness, wherd. is exponential im and fo > f1 > --- > fL. There exist an integdt’ < L,
whereL’ is exponential imz, and a polynomia¢(n) > 0. Foralli(l =0, 1, ..., L") and for

anyi € §y,
1-1 DA j)
1 1
Sie-0X () <
k=0 A g(n)

We can verify that Hard Function Il satisfies condition (2) of Theorem 6. /For
0,....,L let

di =1g(n).

Here we do not need to give any definition of the metric function to states S
(=L+1,...,L). We can ignore them. Itis easy to see that fo¢ &ll0, 1, ..., L/,

-1
35 @ —dppl. <L

k=0 jeS;
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Hence, condition (2) of Theorem 6 holds.

An example of Hard Function Il is the lorigpath problem given in Definition 25 in [5]
with k = +/n — 1.

Finally, we consider two concrete examples, i.e., the bit-sum function and the linear
function, to illustrate the application of our general results.

Example 2. Assumefc;; 1 =0,1,...,n} aren + 1 different positives. Fox = (s1...s,),
define

fx)=c, |if Zskzl,l:O,l,...,n. (8)

k=1

Consider theg1 + 1) EA with Mutation Il and Selection | for solving the problem.

First we give an explicit expression of the first hitting time of the EA. The analysis is
similar to that of Example 1.

We sort{cx; k =0,...,n} based on their values from large to small. Without loss
of generality, assumeg, > cg > --- > cg,, where{po, ..., 8,} is a permutation of
{0,...,n}.

Define subspacgs, = {x; f(x) =cg},k=0,1,...,n. Leti € S5 andj € Sg,, where
[,k=0,1,...,n, and define

ag.p@)= Y pl.j),

JESB,

then the transition probabilityg, g, (i) is given by

1, N - ifl=k=0,
0 > jessy (pm) PO (A= pu)'=PED it 1 > 1 andk <1,
a )=
orb 1- Zf;%aﬂ,,ﬂv @), if ] >1andk =1,
0, otherwise.

Becauseug, g, (i) is only dependent of; and g, we denote them in short kyg, g, .
Now we can give the explicit expression of the mean first hitting time according to
Theorem 4,

mgy, = 0,

1+ap gmp, +ap pmp, +---+ap.g_mpg_,
ap;po +ap.pLt+ag.pp T T ap gy

andm; =mg, foranyi € Sg, 1 =0, ...,n).
Since the function takes only+ 1 values, we can apply Theorem 5 to it. According to
Theorem 5]|m||« is polynomial inn if and only if for all/ (I =1, ..., n) andi € Sg,,

-1 -1
(Z > ()PP (- pm)"—”'*f))

k=0 jeSak

mg = [=1,...,n.

is polynomial inn.
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Let us examine the case of mutation ratg = 1/n. In this case|m| « is polynomial
innifandonlyifforalll ((=1,...,n) andi € Sg,,

-1 -1
(Z Z (n— 1)—D(i,j))

k=0 jeSpk

is polynomial inn.
Let

AB)=min{B —Be;l=1,...,L,k=0,1,...,1—1}.

If A(B) is constant, thefim|| is polynomial inn. If A(B) is a linear function of:, then
M|l is exponential im.

Now we consider another example. We can generalise ttado@nr) bound for the
linear function [5] to a more general non-negative coefficient function as described below.

Example 3. Forx = (s1...s,), define
n
f=co+Y asc+ Y, er]]s 9
k=1 IC{1,...n} kel
wherecy > 0,k=1,...,n,c0 >0, andc; > 0.

Here we give a new and shorter proof than that used in [5] based on Corollary 3.
Decompose the spadeinto n + 1 subspaces: let= (s1- - - s,),

n
S; = x;n—Zskzl , 1=0,...,n.
k=1

Defined = [d;] to be

0, if /=0,
4 = 3e14+1/2+---+1/Dn, ifl>0, (10)

where e is the base of the natural logarithm. det d; foranyi € §; (1 =0,1,...,n).

First we estimate transition probabilities among different subspaces.=Fds, ..., n
and for anyi € §;, let j be its offspring.

Eventj e S;—x (k=1,...,1) happens ift of the zero-valued bits in are flipped and
other bits ini are kept unchanged. Singé& ;) > f (i), j is always selected. Then we have,
for the givenk,

o I 1 k 1 n—k
iz ()() (-3)

Eventj € S+, (v=1,...,n —I) happens only if the following event happeris:
(k=1,...,1) of the zero-valued bits in are flipped;k + v of the one-valued bits in
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are also flipped; other bits ihare kept unchanged. Singé j) may be smaller tharf (i),
Jj is not always selected to survive. Then we have, for the given

S o {0 M

J€Stu k=1
Hence we get

n

>0 @i —dipl. )

k=0 jeSk

—Z(dz di) Y pl, J)+Z(dz i) Y pl, )

JESI—k JESI+v

> Xz:(dl —d,_k)<]l€> (%)"(1_ %)n_k
+kX[; nvi:lk(dz d1+v)< ><k+i><1>2k+v<1_ %>n—2k—u
kl i)(i‘)k< ~ %>n—k

1
n—l—k / 1 k+v
X (dz di+ Y (d- dz+v)<k+v>< 1) )

v=1

Sinceforany >1,n —1>n—1[, we have

n—Il—k 1 >k+v

-1
di—dix+ Y (d— dl+v)< ><n_1

v=1
n—Il—k

1
>di—di+ Y (di—dig) ———
v v+ D)

1 1 /1 1 1
>3ea| ——m—+ -+ - — - ...
<l—k+1+ 7 UZ_1<1+14r +l+v>(v+1)!>

1 1 5 1 &1
2391 JE - _
(l—k+1+ *7 6(/ + 1) l+1v2:=3v!>
15635—en, ifi=1
3e35—en/l, ifli>1,
>en/l.

In the above, we use the infinite sum=€)_,~ ;1/v!.
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Finally, we obtain

n / k n—k
.. l 1 1 en
>y (dl_d")p(””>k§:l:<k><z> (1—;) %1

k=0 jeSk

According to Corollary 3, we know that; < d; = d; foranyi € S; wherel =0, ..., n.
4.2. Elitist selection: Accepting equal-valued individuals

We consider a generél + 1) EA using Mutation | and the following selection:
Selection I1. If £(X") > f(X,), thenX, 1 = X; otherwise X; ;1 = X;.

For the absorbing Markov chaitX,) associated with the EA, its transition probability
between € S; andj € S, (I,k=0,...,L)is
1, ieSo, j=i,
0, ieSo, j#i,
20, (€S8, jeSk k<,
0, otherwise.
In matrix form, we have

- (4 9).

However,T is not a lower triangular matrix in this case.

pQ,j)=

Theorem 7. For an EA using Mutation | and Selection Il , itsfirst hitting timeis given by
m=(—-T)"1.

We can obtain the explicit expression mf only for some matrice§ of very simple
forms. In the following we give an example to show that wHeis a tridiagonal matrix,
we can get the explicit expressionmof

Example 4.

flx) = > Sis if Z;:llsisi+1=0,
infeasible if Y7~ Ls;si41 >0,

wherex = {s1...s,} andn is assumed to be an odd integer.

This is a constraint optimisation problem, which can be regarded as a simple maximum
matching problem [23]: LeG = (V, E) be a graph, where node sét= {vo, ..., v,} and
edge sef = {(vg, v1), ..., (vy—1, vy)}. Thens; = 1 indicates that edg@;_1, v;) appears
in the matching and; = 0 means thatv;_1, v;) is not in the matching.

Consider an EA for solving this problem. If the EA employs Mutation I, it will generate
more infeasible than feasible solutions. Instead, we use the following mutation, which can
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generate feasible solutions more efficiently: Choose a poditioom {1, .. ., n} atrandom
and generate an offspring= (s - - - s,,) as follows:
Casel.Ifl <k <n—1,then

(1) if sx =1, then letv’ = x,
(2) if s =0,5,—1=1,s¢+1 =1, thenletx’ = x,
(3) if sy =0, eithersy_1 =0 ors;+1 =0, thenlets; = 1,5, , =s;,, =0, and other bits
unchanged.
Case2.If k=1, then

(1) if s1 =1, thenlety’ = x,
(2) if s1 =0, thenlets] =1, s, =0, and other bits unchanged.

Case 3. If k =n, then

(1) if s, =1, thenletx’ = x,
(2) if s, =0, thenlets, = 1,5 , =0, and other bits unchanged.

Assume that the initial individuap = (s1...s,) satisfiess; =s3=---=s, =0 and
s2 =54 =---=s5,-1 = 1. In the following, we compute the expected first hitting time
E[z | Xol.

Since the EA adopts an elitist selection strategy #ako) > (n — 1)/2, the behaviour
of Markov chain(Xi,,t =0, 1, - - ) is restricted in the following state space:

S={x f(0)=>@0-1/2}.
S can be divided into two subspaces:
So={x; fx)=@m+1)/2}, and S1={x; f(x)=(n—-1/2},

wheresS; can be decomposed further based on the length of augmenting paths [23]:

Hy = {x; x € S1 and its minimum length of augmenting pathkis
k=13, ...,n.

The transition probabilities among different subspaces can be computed exactly:

(1) If i € SH1, then

1/n, Jj € So,
pl,j)=12/n, J € SHs,
1-3/n, jeHi.
2 IfieH; (I=2,...,n—1),then

2/n, jeSH; o,

p(, j)=12/n, J € Hiy,
1—4/n, jeSH,.
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(3) Ifi € SH,, then

Co 2/n, jeSH,—2,
p(l’J)_{l—Z/n, jeSH,.

Obviously the behaviour of the EA could be regarded as a random walk. Since the
transition matrixP is a tridiagonal matrix, it is easy to obtain an explicit solution to the
linear system(l — T)m = 1 and obtain the expected first hitting time:

Elt | Xol = n? + (n® — n?) /4.

In the following, we will prove that for any fitness function, given any subspfce
(I > 0), if the initial individual is taken frons;, then the EA using Selection Il will arrive
at a subspace with higher fitness not slower than the EA using Selection I, both in terms of
worse case and average case.
Given a subspac§ (I =1, ..., L) for the Markov chain(X;) associated with an EA,
let S,Jr = Uf{l S; be the subspaces with higher fitness. Denote

1, (i) =min{t; X, € S;", Xo=1i € S1}, (11)

to be the first hitting time of the EA to arrive at subspaﬁestarting from state and its
expectation is

mf () =E[7(): 77 (i) < o0]. (12)

For simplicity, we ignore the subscriptn the following discussion.

Theorem 8. Given any fitness function, for the Markov chain (X y,) associated with the
EA using Mutation | and Selection | and the Markov chain X g, associated with the EA
using Mutation | and Selection |1, let their mean first hitting times be m};, = [m}; (i)lies,
and mf = [m % (i)lies;, where m™ (i) is defined by (12). Then

+ +
My lloe 2 1M lloo-
If T g is symmetric, we also have

Imf 1l > ImEjs.

Proof. In the following we use the subscript to represent the EA using Mutation | and

Selection |, and the subscriptto represent the EA using Mutation | and Selection II.
For the Markov chain(Xy,), the EA uses elitist selection strategy. If the initial

individual is taken froms;, then its offspring always belongs £ U S;. So we only need

to consider its behaviours in the spac¥, S;}. Since we only consider the first hitting

timem™, the transition probability is given by

1, ieSt j=i,

0, ieSt, j#i,

>0, ieS, jesST,

>0, i€, j=i,

=0, ies, j#i,

0, otherwise.

pu(, j)=
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In matrix form,

| 0
PH_<RH TH)’

whereT g is a diagonal matrix.
For the Markov chainXg,), we only need to consider its behaviours in the space

(ST, S;}. The transition probability is given by
1, ieSt, j=i,
0, ieSt, j#i,

pe(i,j)=1 20, i€S, jeST,

>0, ie§, jes,
0, otherwise.

In matrix form,

I 0
() 0)

Since these two EAs use the same mutation, foriaays; and j € ST, pu (i, j) =
pe(i, j),orRg =Rp. Hence || Thllco = ITElloo-

(1) Since the entries af — T )1 are non-negative, we have
o
> Tt
k=0

)

Imflleo=]0-Tm ™| =0 -Tm™ Y =

]

and sinceT g is a diagonal matrix, we have
o0 o0
Mmoo =Y T => ITulk.
k=0 k=0
Since the entries al — T )1 are non-negative, we have

Imfllo= |0 -T2 =0 -T) =] > T
k=0

o0
k
< Tl
00 k=0

Becausd|T g lloo = IITEllcos

oo oo
k k
IMElloo < D ITENS =D ITa k.
k=0 k=0

Therefore,|my; [l = 1M loo-
(2) SinceT g is a diagonal matrix andl g is symmetric, we have

Imb = Im
=10 -Tp™1-1a-Tp™1
=10 —T) Y20 — (0 =Ti)Y20 =Te)20 = Te)Y?( = Ty) Y21

If we can prove that the eigenvalue of matiix— T )21 — Tg)~1(1 — Ty)Y?
or matrix (I — Ty)(I — Tg)~ 1 is not more than 1, then we will get our conclusion:
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||m; 1> ||mj§||1. In the following we only need to prove that the eigenvalue of matrix
(I —Tg)( —Ty) Lisnotless than 1.

Denote
b 0 --- O c11 c12 -+ Clk
Tu=| : = N Te=| : : : :
0 0 - buk Ckl Ck2 *t Ckk
Then

l-c11 —c12 —Clk
1—byy 1-byp  1-bu

Q=01-Tp)l-Tm = : : :
—cr1 —Cr2 C -k
1—byy 1—bpy  1—by

Since the two EAs use the same mutation, we lRRwe= Ry, andb;; = Z’]‘.Zl Cij.

Let A(QY) be the eigenvalue a®'. According to Gersgorin’s theorem [17], we know
thata lies in at least one of the disks:

‘)\——1_6” S =1k
1-bj; lijl—bjj
Then
)»>1_ij— C], 1.

We obtain(Q") > 1 and therk(Q) > 1. Hencelm} 1 > Im}fll1. O
4.3. Non-€litist selection strategies
Consider the following non-elitist selection strategy.

Selection 111. Assign the survival probabilities of the better and worse individuals between
X™ andX, to bep andg = 1 — p, respectively.

The fitness proportional (roulette wheel) selection scheme is a well-known example of
Selection IIl: Assumef; is higher betweerf (X)) and f (X,), then

_ f1 _ f2
Pt s =1y f

As we have discussed in the previous section, we only consider the behaviour of the
chain up to the first hitting time. The EA can still be modeled by an absorbing Markov
chain(X,):

1, ieH, j=i,
pG, j)=10, i€H, j#i, (13)
PXim1=jlX,=i), i¢H.
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In matrix form,

- (L 2)

Here the first hitting time is still the number of generations when the EA first encounters
an optimal solution. However, the found optimal point may be lost in the future.
The following result can be established from Theorem 1.

Theorem 9. For the EA using Mutation | and Selection Il , itsfirst hitting timeis given by
m=(—-T)"1.

The first question which we are interested in is whether we can give an explicit solution
to the above linear system. Sinteis no longer a lower-triangular matrix, we cannot get
an explicit solution to the linear system in most cases. But for some simple functions and
mutation operators, we are able to derive an explicit solutiam tbélere we give such an
example.

Example 5. In the bit-sum function (8), assumg is the largest among all; where
[=0,...,n.

Consider a1+ 1) EA using Selection Il and the following mutation:

Mutation I11. Given an individualX, = (s1...s,) attimer, choose one bit fronfsy - - - s5,)
uniformly at random and flip it.

We can decompose spagénto n + 1 subspaces:
S; = {x;n—Zskzl, }, [=0,...,n.
k=1
The transition probabilities among the subspaces can be summarised as follows.

(1) Foranyi € So,

P, j) = (1) ét;elr,wise;
(2) Foranyi € Sy (k=1,...,n—1)
a, jESk—l, D(]:J:)Zl,
o0 ) = ik; b j ifk—i—l D(j,i)=1,
0, otherwise;
(3) Foranyi € Sy (k=n)
a, J € Sk-1, D(j,i)=1,

pi,j)=11-ax, j=i,
0, otherwise;
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whereq; andb; are

k .
{ & i ek < cpokg1
ap =

k .
Gy I cnk > cn—k+1,

n—k

bk = { p n If Cn—k < Cn—k—1,

"n;k, if ¢k > cn—k—1.

Construct an auxiliary Markov chaifY;; r =0, 1, ...,) which is defined on the state
spaceg0, 1, ..., n} with the transition matrix

1 0 0 O -.- 0 0

a1 l1—a1—b1 b1 o --- 0 0
Pyr=1] 0 ar 1—a1—b1 b2 -0 0 ,

0 0 0 O --- a, 1—ay,

where the subscript’ here and below is used to distinguish Markov chéif) from
Markov chain(X;).

For this absorbing Markov chain, its mean first hitting time to the absorbing state,
my = (I — Ty)~11, is given by

myg = 0,

1 b
myk ]_[ k+’, k=1,...,n—1,

L ke
myk=1+ -+ > Py P
koo T Akl o Gkt

1
Mmyy, = Myp—1+ —.
dn
For the original Markov chaiiiX,), for any state € Si, we haven; = myy.
For this example, we discuss how to chogsandg. Assumep = p(n) andg = g(n)
are functions ofz, there are two interesting cases: (i) For all integeg (n)/p(n) > C,
whereC > 0 is a constant, and (ii) ligy, » g (n)/ p(n) = 0.
The first choice will not be a good selection strategy for some problems. We can prove
that for the ONE-MAX problem, which satisfieg§ < c1 < - -+ < ¢, |M|| IS €Xponential
if g/p > C,whereC > 0 is a constant.
Substitutingz;, andby, into the solutions given previously, we have

n—2 j . i
_n n n—1-i\(lq J
myl_p+z(j+2)p<n 1+i ><p> '

j=0 i=0

For any small constante (0, 1) and for the fixed; /p = C > 0, whenn is sufficiently
large, there exists some integgre (0, n/3] such that for any < jo,

n—1—1i
1+
In fact, we can choosg to be the integer below closest to (wheis sufficiently large)

>1+e.

min{pi — 1,n}.
A+4+e)qg+p
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Then we have

Jo .
n—1—i .
my, > H(Cﬁ) > (1+ 8)]0.
i=0

Note thatjp is a linear function of: ande is a constant irf0, 1). Somy, is an exponential
function ofn.

The second choice, lijn, g (n)/ p(n) = 0, is much better for the ONE-MAX problem.

For example, lep =1 — 1/n andg = 1/n, then|m| « is polynomial inn for the ONE-
MAX problem.

It is interesting to compare EAs using Selection | (elitist) and those using Selection
(non-elitist). Intuitively a non-elitist selection strategy appears to be worse than an elitist
one. However, for some functions belonging to Hard Function I, a non-elitist selection
strategy might be better, because it can “climb” out of the absorbing area of a local optimal
solution. In the following, we will compare two EAs: one uses Mutation | and Selection I,
and the other uses Mutation | and Selection IlI.

Example 6. Assumel is a linear function of:, the state spacgis decomposed inth + 1
subspaces as follows:

S1 = {x},
St = {x: D(x,x) =k}, k=2,...,L,
So = {x: D(x,x) > L+1},
and f (x) satisfies
fxX)=cr, x€5, (14)
wherecg > c1> -+ > cf.
In the following we use subscript® and H to represent the EA with a non-elitist

selection strategy and that with accepting only higher-fitness individuals.
For the EA using Mutation | and Selection |, its transition matrix can be written as

| 0 0 0 . 0
Ruw Thy 0 0 . 0
RHzo TH21 TH22 0 T 0
RHLO THLl THLz THL3 T THLL
Leti =, then
1

IMelloc = =7
> Zjesop(lvj)

Denoter = Zjesop(i, J).
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For the EA using Mutation | and Selection Ill, its transition matrix can be written as

| 0 0 0 e 0
R010 T011 T012 T013 T TOlL
R020 T021 T022 T023 T T02L
ROLO Toyw Tow Tow - Ton

Since the two EAs use the same mutation, we have foriangy (k=1,...,L) and
Jj €S0, pu(i, j) = po(i, j). Then

ITolloo =THlloo =T
Foralll=1,...,L —1andk=1,..., L, we know thafl o;x > 0. So we have

170l

for any integen > 0. The strict inequality <" holds if v is greater than some positive.
From the above we can obtain for any integer O:

IMollee = | —TO)_11||OO

” (I4+--+TY) Z(To)“"

k=0

< r+-+T5 Z

k=0

]

As a result, we have
I TY
Mol < M+ +Thlloo <1
IMulloo = L1
The strict inequality <” holds for v being greater than some positive.

5. Analysis of population-based evolutionary algorithms

We analysedl + 1) EAs in previous sections. This section concentrates on EAs with
population size greater than 1. EAs with and without crossover will be studied. In this
section, we still limit our discussions to the binary representation of individuals.
5.1. Population-based evolutionary algorithms without crossover

Let’s consider the following population-based EAs without crossover:

Mutation V. Any proper mutation operator. After mutation we get an intermediate
populationx ™).
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Selection I V. Any elitist selection strategy which always keeps the best individual among
populationsX; and X ™.

For a populationX = {x1, ..., xy} with N individuals, define its fitness to b&(X) =
maxX f(x); x € X}. Similar to the analysis ofl + 1) EAs in previous sections, we can
decompose the population spagénto L + 1 subspaces, i.e.,

E={X€eE: f(X)=fi}, 1=0,... L.

The transition matri of Markov chain(X;) associated with an EA has a matrix form:

| 0 0 o --- 0

Rio T11 0 0 s 0

P=]R2o T2z T2 0 - O
Rro Tra Tr2 Trz - Tprp

According to Theorem 1, the following can be established easily.

Theorem 10. For an EA using Mutation IV and Selection 1V, itsfirst hitting time is given
by

m1 = (I — T~ 1L,

me = (I = Te) S (Teame + -+ Tie—ami—1), k=2,...,L.

Since the matrixT;;x (k =1,..., L) usually is not in a simple form, we cannot get an
explicit solution to the linear system. This is different from the situation(fof 1) EAs.

In the remaining part of this subsection, we will compare population-based EAs and
(14 1) EAs. Although it appears to be a common sense that for a population-based EA, its
first hitting time (the number of generations) is shorter than that ef 1) EAs, no formal
proof is available so far.

In the following we use subscrigf to represent thél + 1) EA and P to indicate the
population-based EA.

Since population spack has higher dimensions than individual spacé we want to
compare two EAs as fair as possible, we have to restrict the behaviour of Markov chain
(X p;) on the states af during the comparison.

Let I be a population, we assume individuals/irare sorted in a descend order (the
individual with the same fitness are arranged in a random order among them). We pay our
attention only to the first and also the best individual in a population. DeBGt#) to
be the set of populations i whose first individual is. For a metric functioni; in the
individual space, we can define a metric functirin the population spacg as follows:

d; = d; wherei is the first individual in populatiod.

Theorem 11. Let mgy be the first hitting time of the (1 + 1) EA using Mutation | and
Sdection I, and for any i € S, d; = mg (i), and mp be the first hitting time of the
population-based EA using Mutation IV and Selection IV, and for any I € E (i#),d; = d;.
Iffori=1,...,Landk=0,...,/—1,foranyi € S; andfor any I € E(i#),
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Y dr—dppp. )= (>) Y (di—dj)pul, j), (15)

JeE, JjeSk

then for any individual i € S; (I =1, ..., L) and any population I € E(i#),

mpy (i) = (>)mp(I).

Proof. We only prove the case of2”. The case of " can be proven in a similar way.
For the absorbing Markov chaifX y,) associated with th€l + 1) EA, sinced; =
mpy (i), according to Theorem 4, we know fbe= 1, ..., L, and anyi € S,

-1

Z Z(di —dj)pn(, j)=1

k=0 jeSi

For any populatiord € E(i#), from (15), we have fok =0, ...,/ — 1,
Y di—dppp(, )= ) (di —dp)puli. j).

JEEy J €Sk

Then we get
-1 -1
DD di—dpprd, )=) Y (di—dppuli, ) =1
k=0 JeE k=0 jeSk

By applying Corollary 3, we get; > mpy(I).
Sinced; =d; =mpyg (i), we haveny (i) >mp(I). O

Condition (15) means that for the population-based EA, its transition probability
towards the subspaces with a higher fitness is greater than that@f+h®) EA using the
same mutation. Many population-based EAs satisfy this condition. The simplest example
is the population-based EA which runscopies of(1 + 1) EA simultaneously.

If a function is easy fo1 + 1) EAs, it is still easy for the corresponding population-
based EA. For both Hard Functions | and Il, a population can shorten the mean first hitting
times according to Theorem 11. However, for Hard Function I, if the function is hard for
the(1+ 1) EA, itis still hard for the population-based EA. Assume that, foraays, and
for the (1+ 1) EA using Mutation | and Selection I,

1
ZjESOPH(isj)

is exponential ine. For the simplest population-based EA, which ruvs1 + 1) EAs
simultaneously, Hard Function | is still hard unden|| .
Obviously, if the initial population starts from state S1, then

1
Z.]EEOPP(I’ J)

is still exponential im if N is a linear function ofi. This implies thatn p (i) and||mp ||co
are still exponential im. However, the probability of the population-based EA to find

my @) =

mp(I) =
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an optimum in a polynomial time may be improved significantly, because the following
decreases significantly asincreases ifS(P)|/|S| is reasonably large:

E(P) _ ., IENP) (1_ |S(P>|>N_

lEl |E| S|

Some examples have already been given to show the improvement [5].

Since the population-based EA always allows individuals with a lower fitness to survive
in the next generation with a probability greater than 0, an individual with a lower fitness
would behave the same as that inlat+ 1) EA using non-elitist selection. Similar to a
(14 1) EA using a non-elitist selection strategy, a population-based EA is able to “climb
out” of the absorbing area of a local optimum.

5.2. Population-based evolutionary algorithms with crossover

In many EAs, crossover is used before mutation and selection. This subsection analyses
EA with crossover, which is applied before Mutation IV and Selection IV. A general form
of crossover can be described as follows.

Crossover |. Choose a set of individual pairéy, y), from populationX,, and recombine
them with probability p. > 0. A new intermediate populatioX(© is formed after
crossover (i.e., recombination).

The first hitting time of an EA with crossover is defined below, which is slightly different
from the previous definition: Given an initial populatiaiy =i, 7; is defined as
w=min{;1>0, X ecHorX™ eH|Xo=i}.

Assume population spadeis decomposed intd + 1 subspaces based on fitness, then
the transition matri® of Markov chain(X;) has the following form:

| 0 0 o ... 0

Rio T11 0 0 s 0

P=] Ry T21 T2 0 e 0
Reo Tra Tr2 Tz - Tpg

Theorem 12. For an EA using Crossover|, Mutation IV and Selection IV, its first hitting
time is given by

mo = (I —T1) ™11,
m o= (=T YTami+--+Ty_1tmi_1), [=1,...,L.

Similar to the case of Theorem 11, we can show that a population-based EA with
crossover is better than(a + 1) EA under some conditions.

Let I be a population whose individuals are sorted in a descend order (the individual
with the same fitness are arranged in a random order among them). DEn#eo be the
set of populations irE whose first (and best) individual isFor a metric functiow; in the
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individual space, we can define a metric functinn the population spacg as follows:
d; = d; wherei is the first individual in populatiot.

Theorem 13. Let mgy be the first hitting time of the (1 + 1) EA using Mutation | and
Sdlection I, and for any i € S, d; = mpy (i), and m¢ be the first hitting time of the
population-based EA using Mutation IV and Selection IV, and for any I € E(i#),d; = d;.
Iffori=1,...,Landk=0,...,/—1,foranyi € §; and j € S, andfor any I € E(i#),

> i —dppc. )= (>) Y (di —dj)pui. ).

JeEL JE€Sk

then for any individual i € S; (I =1, ..., L) and any population I € E(i#),

mpy (i) 2 (>)mc(I).

An important question is: When will EAs with crossover perform better than those
without for hard functions? While the comparison betwéer 1) EAs and population-
based EAs with crossover is interesting. It does not reveal a full picture of the exact role
of crossover. It is important to compare theoretically EAs with and without crossover. We
will use Hard Function | as an example in our comparison. The two EAs we are comparing
will have the same mutation and selection. They differ only in crossover.

For Hard Function I, some EAs without crossover spend a long time trying to jump
over a “wide gap” betweeR; andEjy. In the following we will focus on analysing the first
hitting time fromE1 to Eo.

Now let's examine what will happen when crossover is added to the EA. If an EA uses
crossover, then for some pairs of individuals in populatibris E1, the crossover may
bring some shortcuts for the individuals to reach a higher fithess subspace. That is,

Y pe, =Y ped, D),

JeEy JeEy

wherepc and pp are the transition probabilities of the EAs with and without crossover,
respectively. For these populations, we would hawe(l) > mp(I). However, not all
populations have such shortcuts. If we decompBsgefurther into K non-overlapping
subspace&H; (k =1,..., K), then in different subspaces there are different number of
shortcuts. The following corollary summarises this informal argument formally.

Coroallary 9. Given any instance of Hard Function I, let mp be the first hitting time of
the EA using Mutation 1V and Selection 1V, and m¢ be the first hitting time of the EA
using Crossover |, Mutation IV and Selection V. Assume subspace E; is decomposed
into K non-overlapping subspaces, EH;1, EHo, ..., EHg, and there exist K positives
di,do,...,dx. Let di =d; foranyi e EH; (I=1,...,K) and d; = 0 for any i € Ejp.
If

(D) foranyl=1,...,K,andfor anyi € EH;,,

K
D di—dj)pcl, )+ Y (di—dppcl, j)>1,

j€Eo k=1 jeEH;
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(2)foranyl=1,...,K,andfor anyi € EH;,,

K
S —dppr D+ Y S @i —dppets ) <1,

jeEg k=1 jeEH
thenfori=1,...,K,andanyi € EH,,
me(i) <dp <mp(i). (16)

Proof. This is a direct result of Corollaries 3 and 40

In the following we will present an example of comparing EAs with and without
Crossover.

A bit-sum function, called the “jump” problem, was given in [16] to show that crossover
was useful in reducing the first hitting times of EAs. However, their discussion only gave
a total upper bound for all states based|jom|1. We will show here that a more detailed
result can be established to separate upper or lower bounds for different states using our
approach.

Example 7. A simple “wide gap” function is given by:

1, if ZZZM >11n/20,
fx)=10, if > r_isk=n/2, 17)
infeasible otherwise,

where, for convenience, we assum0 is an integer.

Consider a population-based EA using the following Mutation V and Selection V but
without crossover. We will show that its mean first hitting time is exponential in

Mutation V. Given a populationX,, for each individual in it, flip each of its bits with
probability 1/7.

Selection V. Any elitist selection strategy that always abandons infeasible solutions.

The population space can be divided into two subspaé&gswhich consists of
populations with at least one individual being the optimal solution, Bndhich includes
all other populations.

Let

" n/2\ (1\F 1\"*
an=3 (")) (+-3)
k—%:zo k n n

dl:{o if i € Eo,

and

(i —(A—am)M1, ifieE.
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Given a population in E1, the transition probability for each individual to the subspace
Eo will be less tharu(n).

We have
Y pli.p=1-(1-am)" and Y (d—d)p,G.j)=1.
jeEg J€Eo

We have now shown that, for amye E1: m; = d;, m; is exponential iru if population size
N is a constant or a linear function of

Consider the EA with crossover, which employs only two individuals. It uses the same
Mutation V and Selection V as given before and the following Crossover Il.

Crossover Il. Let x and y be the two individuals in populatioX;. Their offspring
are given byx’ = (x AND y) = (xx AND y;,k=1,...,n) andy = (x OR y) =
(xx ORyr,k=1,...,n). If x’ ory’ is infeasible, then replace it byor y.

Decomposer; further into subspaces based on the Hamming distance beivaesaty,

EHz ={(x,y) € E1: D(x,y)=2l}; 20=0,2,...,n.

Letd; be
0, if i € Eg;
d,»:{l, if i e EHy, 21=n/20,...,n,
40(1+n/8—20)/(9e); ifieEHy, 20=0,...,n/20—1.

Forany 2 (n/20< 2/ < n) and for any populatione EHy;, individualsx andy satisfy
D(x,y) > n/20. Their offspring; will be in Eg after crossover, i.e.,

Yo pi =1,

J€Eo
So we have
n
D odi—dpp, )+ Y, Y. (di—dppl,j)=1,
Jj€EQ 2k=0 jeEHy
Vie Ey, 20=n/20,...,n. (18)

Forany 2 (0< 2/ <n/20) and for any € Ey,

Y di—dppG. )+ Y, Y. (di—dppG. )

j€Eo 2k=0 jeEHy
n—21 21
>y Y Wi—dppl.p+ Y. Y. (@di—djpG.j)
2k=2 jeEHy 2k=2 jeEHy 2

2

>Z< Y. d—dppG.p+ Y (d,-—dﬂp(i,j)).

2k=2 " jeEHo 12 JEEH2 2
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We now need to estimate the following fot 2 2, ..., 2I:

Yo Wi—dppl,p+ Y, (di—dppl,)). (19)
J€EEH2 2 JE€EH2_2
(1) The case of R= 2.
For any population = (x, y) € Ez, sinceD(x, y) = 2/, there are 2bit positions where
x andy have different values and — 2/ bit positions they share the same values. More
precisely, the bit position s¢l, ..., n} can be grouped into four classes:

PCo(x, y): the set of positions where bothandy take the common value of 0;
PCi(x, y): the set of positions where bothandy take the common value of 1;
PDo(x, y): the set of positions wheretakes the value of 0 byt takes the value of 1;
PDi1(x, y): the set of positions wheretakes the value of 1 but takes the value of 0.

Since 0< 2/ < n/20, the cardinalities of these four sets satisfy
|PCo| =|PC1| =n/2—1> |PDg| = |PD;1| =1.

First, let's examine the role of crossover.

Assumex’ andy’ are offspring ofx andy after crossover. If 2= 0, thenx = y, the
crossover plays no role. If @ 21 < n/20, that is, O< D(x, y) < n/20, then the offspring
are two infeasible solutions. We must replace them by their parents. The crossover plays no
role either. No matter what'Z0 < 2/ < n/20) may be, we always haweé = x andy = y’.

Second, let's examine the role of mutation.

Assumex’ and y’ are offspring ofx and y after mutation (mutation is performed
after crossover). During mutation, if bothand y change their values at the same bit
position, there is no impact on Hamming distanbéx, y). Only when an individual
changes its values at some bit positions and another individual keeps its corresponding
values unchanged will Hamming distanbéx, y) be changed. So in the discussion below,
we will use the term “a bit being flipped” in the following sensechanges its value at this
bit position buty does not, oy changes its value at this bit position butloes not.

We also notice that if a bit in sée2Cg and a bit inPCy are flipped, then Hamming
distanceD(x’, y) will increase. But if a bit in sePDg and a bit inPD; are flipped, then
Hamming distancé(x’, y’) decreases.

The event ofD(x’, y’) = 2 + 2 consists of the following events:

(1) One bit inPCp and one bit inPC; are flipped, and others are kept unchanged. The
event’s probability is

2 _N\2/1\2 1\"2
SRICICHE &
1 n n
(2) Two bits inPC; and two bits inPCy are flipped. One bit ilPDg and one bit inPD1
are flipped. Others are kept unchanged. This event’s probability is

e
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(3) Three bits ilPC1 and three bits ifPCq are flipped, and so on.
The event ofD(x’, y’) = 2] — 2 consists of the following events:

(1) One bitinPDg and one bitirPD; are flipped. Others are kept unchanged. The event’s
probability is

RO

(2) Two bits inPDg and two bits inPD are flipped. One bit ilPC1 and one bits ifPCy
are flipped. Others are kept unchanged. The event'’s probability is

IN* (/2 —1\?%/1\® 1\"©
) (1-=) . 2
G ()G (=3 &
(3) Three bits inPDg and three bits ilPD; are flipped, and so on.

From the above inequalities antl2 n/20, we can obtain

Yo o= Y ph.))

Ty
RO

Y. Wi—dppl, H+ Y, (di—djpG,j)

Jj€EH2112 JEEH2_2

=80/<9e>( Y = ) p(i,ﬂ)

JEEH2 12 JEEHZ 2
>1.

(2) The cases ofR=4, ..., 2.
In a similar way, we can prove that fok2-4, ..., 2,

Y. @i—dppl,H+ Y, @di—dppl,j)=0.
JEEH211 2 JEEH21_2

Combining the above two cases (1) and (2), we have for &2-0,...,n/20— 1) and
for any population € Eo,



J. He, X. Yao/ Artificial Intelligence 145 (2003) 59-97 93

D o di—dppl, H+ Y, Y (di—dppl,j)>1 (24)

Jj€Eg 2k=0 jeEy
According to Corollary 9 and (18) and (24), we arrive at
0, if i € Ep,
migd,': 1, ifiEEsz, 21=n/20,,n,
401+n/8—-21)/(9e); ifieEHy, 21=0,...,n/20—1,
which is polynomial irv.
Consider another EA using the following uniform crossover.

Crossover 1V. Letx andy to be the individuals in populatiaki;, then independently for all
positionsi € {1,...,n}, exchange,; ands,; with probability Q5. If x” or y’ is infeasible,
replace it byx or y.

In this example we will estimate the lower boundrofusing our algebraic approach.
We first decomposg in the same way as we did previously for the EA with Crossover Il.
Let

0, ifiekEy,

Y }( 1 +n—21>
T 2\amn/2)+ A—am,n/2)A—A—-bn)? = 2e )
if i e EHy, 2 =0,...,n,

where
1 NI .
Cl(}’l, l) — { 0521 Zk,k’:l,lk/—k|2n/20 (k) (k’)’ if 2] = n/20, Lo n,
0, otherwise,

and
n/2 k n/2—k k—n/20 v n/2—v
2\ /1 1 2\ /1 1
=3 (V)G =) L (D6 -3
k=n/20 n n v=0 v n n
Forany 2 (21 =0, ..., n) and for any population= (x, y) € EHy, we analyse the first
hitting time in two steps.
(1) First we estimate the probability of evexit?) or X enteringEo.
If 21 satisfies G< 2/ < n/20, similar to the previous analysis for Crossover Il, crossover
has no impact on Hamming distanb&x, y). We only need to analyse mutation.
Letx” andy’ be the offspring of andy after mutation, then evert € Eg happens ik

of the zero-valued bits im is flipped ¢ must be greater thary20) andv =0, ...,k —n/20
of the one-valued bits in is flipped. The probability ok’ being inEg is

b(n).
The event of eithex’ or y’ being in Eg after mutation happens with a probability

1—(1—bm)> (25)
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If 21 satisfies 2> n/20, we can divide the bit position sgt, . .., n} into four classes:
PCo(x, y), PC1(x, y), PDo(x, y) andPD1(x, y), similar to the analysis of the EA with
Crossover Il

We first analyse the role of crossover. Létand y’ be the offspring ofc and y after
crossover. It is clear that if any bits iIRCo and PC; are exchanged by crossovet,
and y’ will not be changed. If the bits iPDg or PD; are exchanged by crossover, and
the number of exchanged bits is greater th@R0, then one ok’ or y’ may enter sekj.
The probability of the event satisfies the bivariate binomial distribution, that is,

a(n,l), 1=n/20,...,n.

We then analyse the role of mutation. If after crossover, one of the offspring enters
setEg, we say that the chain has already first#t We only need to consider the case of
neitherx’ nory’ in Ep. In this casex’ andy’ are infeasible solutions. They will be replaced
by x andy. For populationx, y), we know from (25) that its offspring enter s&p with
probability

1— (1—bm)>.
Hence, we can obtain

.. 2
> pl.j)<am.h+ (1—a@.h)(1- (1-bm)°). (26)
J€Eo
(2) Second we estimate the probability of evemt) or X enteringEHy o (2k =
2,....,n—=2).
We first consider the role of crossover. Since the crossover always generates infeasible
solutions in this case, it has no impact biix, y). We will examine mutation’s role.
Similar to the analysis of the EA with Crossover II, we know that this event happens
only if at leastk bits in PCp andk bits in PC; are flipped by mutation. The probability of
this event is no more than

2 2k
S p(i,j><(”/2_l) (3) < (27)
. k n 2k!
JEEH2 12

According to ( 25), (26) and ( 27), we get

(1) For 2 =n, and any populatiohe EHy, since for anyk (k <!) andj € Sy, d; <d;,
then

Y (i —dj)pl, )+ Y (di—dpp, j)

j€Eg JEEL
<Y (di—dppl, j)
J€Eo
- }(a(n,n/Z) +(@—am,n/2)1—-(1- b(n»z))
S 2\am,n/2)+ A —am,n/2)(1— (1—bn)?)
<1
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(2) Forany 2 (n/20< 2/ < n) and for any populatiohe Ey;,
Y (i —djpl, )+ Y (di—dpp, j)

jeEo jeEq
n—21
<D di—dppl. p+Y. Y. di—dppG.j)
J€Eo k=2 jeEH 2
1/ amD+A—am D)A—(1—bn)? ]
< —< 5 >_|_ Z -
2\a(n,n/2) + (L—a(n,n/2))(1 - 1-b®)? ek — 1)!

k=1
<1

(38) Forany 2 (0< 2/ <n/20)and for any populatiohe Ey;, whenn is sufficiently large,

Y (i —dj)pl, )+ Y (di—dpp, j)

j€Eg JEEL
n—21

<Y @i—dppl, p+Y, Y, (di—dppl,j)

Jj€Eo k=2 jeEHy

1 (1= (1—b(n))? ezl
A ) Eats

2\a(n,n/2)+ 1 —an,n/2))(1— (1—b(n))*) P 4e(k — 1)!
<1

Hence, from Corollary 4 we can obtain an estimation of the lower bound of the first
hitting time:

0, ifiekEy,
1 1 n—20
mi > di = §<a(n,n/2)+(1—a(n,n/2))(1—(1—b(n))2)+ 2e )
if i € EHy;.

6. Conclusions and discussions

In spite of some successful applications of EAs in combinatorial optimisation,
theoretical analyses of EA's computation time and time complexity are few. The existing
approaches used to analysed EA's computation time appear to be ad hoc and do not seem
to be easily generalisable to different problems. This paper gives a general framework for
analysing EA's computation time on different problems. It enables us to derive both new
and old results about EA's computation time under a unified framework.

Under this framework, conditions under which an EA will need polynomial (or
exponential) mean computation time to solve a problem are studied. A number of case
studies are given to illustrate how different results can be established by verifying these
conditions. The general framework also helps us to understand better what causes an EA
to have a polynomial (or exponential) time behaviour.
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The general framework we gave is based on the linear equations (2) and its bounds
of the first hitting time of an EA's Markov chain model. Once the transition matrix of an
Markov chain is known, the first hitting time for the Markov chain will satisfy Eq. (2). In
particular, we can obtain explicit solutions to these equations when the transition matrix is
a lower triangular or a tridiagonal matrigd 4+ 1) EAs using elitist selection which accepts
only higher fithess and songg+ 1) EAs using non-elitist selection can be analysed in this
way.

However, it may not be practical (or even possible) sometimes to solve these equations
explicitly due to the huge number of them. Fortunately, Theorems 2 and 3 enable us to
derive bounds of the first hitting time without solving the linear system.

In our framework, we have systematically investigatéd+ 1) EAs using different
selection strategies and population-based EAs with and without crossover. We have proved
that hard problems to a simp(& + 1) EA can be classified into two classes: “wide gap”
problems (e.g., Hard Function I) and “long path” problems (e.g., Hard Function I). We
have shown that how som@ + 1) EAs and population-based EAs could deal with these
hard problems better than others. These results give some interesting insights into the
fundamental question: what makes a problem hard for an EA?

Within the same framework, we have also investigated the application of the analytic
method to some special cases: we have generalised thi@:) bound on the linear
function to a class of general positive coefficient functions and provided a new and shorter
proof. An example that an EA with crossover is much better than that without one was also
given.

This paper represents the first step toward analysing EAs in a greater depth and detail.
One of our future work is to study EAs on some well-known combinatorial optimisation
problems, rather than just some artificial binary problems.
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