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From an Individual to a Population: An Analysis
of the First Hitting Time of Population-Based
Evolutionary Algorithms

Jun He and Xin YapSenior Member, IEEE

~ Abstract—Almost all analyses of time complexity of evolu- to understand the impact a population may have on an EA's
tionary algorithms (EAs) have been conducted for(1 + 1) EAs  average computation time. Such an understanding is expected

only. Theoretical results on the average computation time of 4 ghaq some light on the real utility of population-based EAs
population-based EAs are few. However, the vast majority of . . . S
_in combinatorial optimization [1], [2].

applications of EAs use a population size that is greater than one :
The use of population has been regarded as one of the key features  In this paper, we compar@ + 1) and(V + N) EAs theo-
of EAs. Itis important to understand in depth what the real utility  retically on two families of problems. We derive the first hitting

of population is in terms of the time complexity of EAs, when time for (1 + 1) and(V + N) EAs, respectively. Such results
EAs are applied to combinatorial optimization problems. This enable us to observe when the time would be polynomial or ex-

paper compares(1 + 1) EAs and (IN 4+ IN) EAs theoretically by T . . . . .
deriving their firs(t hitting) time on tr(le same )problems. It is shown ponential in input size. The mathematical techniques used in this

that a population can have a drastic impact on an EA's average Paper follow those in the analytical approach to the passage time
computation time, changing an exponential time to a polynomial of Markov chains[18]. Unlike driftanalysis [8], which estimates
time (in the input size) in some cases. Itis also shown that the first the first hitting time from the drift of a Markov chain, these tech-
hitting probability can be improved by introducing a population. 465 calculate the first hitting time of a Markov chain directly
However, the results pr(_asented in this paper do not imply that f the t iti trix. The advant the drift I
population-based EAs will always be better than(1 + 1) EAs for ro_m_ € lransition matrix. _e advan age 0\_/e_r e_ rnit ana
all possible problems. ysis is that an exact expression of the first hitting time can be
Index Terms—Evolutionary algorithms, first hitting time, popu- Obta'r?ed for son_"le_ EAS_‘ The _dlsadv;_antage IS th_at such exaCt_eX'
lation, time complexity. pressions are difficult, if not impossible, to derive from transi-
tion matrices if they are too complex.
The rest of this paper is organized as follows. Section Il intro-
duces some notations, definitions, and theorems about the first
VOLUTIONARY algorithms (EAs) have been used tdhitting time of a Markov chain. Section Il contains our main
solve many combinatorial optimization problems [1]-[4]results. Given typical problems, we derive the first hitting time
Time complexity is a key issue in the analysis of various optdf (14 1) and(V + V) EAs, respectively, and try to answer the
mization algorithms [5]. It shows how efficient an algorithm igollowing questions.

for a large problem. However, relatively few results on the time 1) will an (N 4+ N) EA change the time complexity of a
complexity of EAs on combinatorial optimization problems are (14 1) EA for a given problem, e.g., from exponential to
available [6]-[9], which makes theoretical comparison between  polynomial time or vice verse?

EAs and other optimization algorithms difficult. It is necessary 2) How much will an(N + N) EA change the mean first
to gain a deeper understanding of the time complexity of EAs  hijtting probability of a(1+ 1) EA for a given problem?
in order to understand whether an EA is expected to scale well3) How much will an(N + N) EA change the mean first
with the input size and when an EA is expected to provide the hijtting time of a(1 + 1) EA for a given problem?

most benefits to a given problem. _ _ Even partial answers to the above questions will deepen our
There has been some work on the analysis of time COMyerstanding of population’s roles in EAs. Finally, Section IV

plexity of (1 + 1) EAs for certain simple functions [10], €.0.,concludes the paper with a brief summary of the paper and a few
the ONE-MAX function [11]-[14], the linear function [15], \amarks.

and the unimodal function [16],[17]. Few results were obtained

using EAs with a population size greater than one [8]. Because

(1+1) EAs do notinclude recombination and population-basetl. EVOLUTIONARY ALGORITHMS, MARKOV CHAIN MODELS,
selection, the results ofl + 1) EAs cannot be generalized AND FIRST HITTING TIME

to EAs with population size greater than one. It is important A combinatorial optimization problem can be described as

follows [5]. Given a problem instance, i.e., a pé#, c), where
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wherez is called a global optimal solution to the given instance, Definition 2: Given a combinatorial optimization problem,

or when no confusion can arise, simply an optimal solution. An

optimization problem consists of a sebf problem instances.

If S is discrete, the problem is known as a combinatorial one.

Although not a requirement, the objective function will (or can

be made to) take on only nonnegative values in many cases.is called themean first hitting timgconditional on initial state
1. Let up be the distribution of initial populatioiX,, then

E[T|Xo=i] =Y tP(T =t|Xo=1)
t=0

A. Evolutionary Algorithms and Markov Chain Models

In EAs, a pointz in S is represented by an individual. A pop- E[T] = Z po(DE[T]| Xo = 1]
ulation is a collection of individuals. We uge;,...,zn) tO ’
indicate a population withV individuals. The population spaceis called themean first hitting time
consists of all possible populations withindividuals. Because |t is worth noting thatlE[7] measures the average number
a population usually does not depend on the order of its indivigf generations rather than the worst one for an EA before pro-
uals, we take the spade = S /egp, whereegp € S x SN ducing the final solution.
is the equivalence(xy, ..., xn)eqp(y, - -, yn) if there exists  |n the analysis of algorithms, we express the time require-
the permutatios such thatzy, ..., zx) = (vs1),---»¥Ys(v))-  ments of algorithms in terms of the number of elementary steps

An EA for solving a combinatorial optimization problem[s]: arithmetic operations, comparisons, branching instructions,
can be described as follows. Given an initial populatiés, and so on, that is required for the execution of the algorithm
let X; = (21,...,2n) in £ be the population at time (i.e., on a hypothetical computer. The number of steps required by an
generatiort). Offspring can then be produced as follows.  algorithm is not the same for different inputs. We consider a dis-

Recombination:Individuals in populationX; are recom- tribution of initial inputs with given size,, and define the com-
bined, denoted by plexity of the algorithm for that input size to be the average-case
behavior of the algorithm.

The input of an EA is represented as a string of symbols in
this paper. The size of the inputis the length of the string, which
isn in our case. The time complexity of an EA is a function of
the input sizen for the given input, defined as follows.

rec: £ — F

yielding an intermediate populatiaki®.
Mutation: Individuals in populationXt(c) are mutated, de-

noted by Definition 3: Letn be the input size of an instance of a com-
mut: B — B binatorial optimization problem, amdl the population size. As-
sume that during one generation of an EA, the numbers of oper-
yielding another intermediate populatidﬁ(m). ations in recombination, mutation, selection, and fitness evalu-

Survival Selection:Each individual in the original popula- ation aref,.(n), fm(n), fs(n), andfo(n), respectively, then the
tion X, and mutated populatioX ™ is assigned a survival lime complexityf the EA for the given problem instance is

probability. V individuals will then be selected to survive into
the next generatioi’; ;. This operation can be denoted by NE[T](fr(n) + fn(n) + fs(n) + fo(n)) @)

«l:ExE — E. which is a function of the input size.
If one of f.(n), fm(n), fs(n), and f,(n) is an exponential
For most EAs, the state of populatidf; depends only on function ofr, the time complexity of the EA will be exponential,
the populationX,. In such a case, the procésé;;t = 0,1,...) even for just one generation of the EA. Such EAs will be of little
can be modeled by a Markov chain [6], [19], [20], whose staf¥actical use and should be avoided in the algorithm design. The
space is the population spaEeand the transition probability is rest of this paper assumes thfatn), f,..(n), f.(n), and fo(n)
are all polynomials of:.
pi;(t) =P(Xip1 =j|Xo=1), 4,j€E. In many EAs, most of the computation is spent on fitness
evaluation in each generation, so the complexity of an EA can
If no self-adaptation is used in EAs, the chain will be homoggye simplified as
neous. In this paper, we do not consider self-adaptation in EAs.
In other words, all EAs discussed in this paper can be modeled NE[T]f,(n) )
by homogeneous Markov chains.
and in a more simplified versiolVIE[T].
B. First Hitting Time and Time Complexity of an EA

Let (X,;t = 0,1,...) be the Markov chain associated withC- Preliminary Theorems for First Hitting Time

an EA. Its first hitting time is defined as follows. We now provide some results on how to compute the first
Definition 1: Let £, be the set of populations that contairhitting time. The notations and theorems introduced below

at least one optimal solution for a given instance of a comiddllow those given by Syski [18]. That discussion is for a

natorial optimization problem. Thefi = min{¢t > 0; X; € general Markov process with a continuous-time parameter. A

Eopt | Xo} is defined as théirst hitting time Markov chain with a discrete parameter can be regarded as its
For simplicity, we use the notatiod = £,,; from now on. special case.
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Let (X;;0 < ¢ < oo) be a homogeneous Markov process Theorem 3:For: € H¢, the conditional means satisfy
defined on a probability space with a discrete (countable)

state—spac& and a continuous-time parametéd < ¢ < o) gmi =Di+ > gym; (5)
and a standard stochastic matrix of transition probabilities, for JEH® jsi
i,] € B,
Whereqi = —Qi;-
P(t) = (pi;(t)) = P(X; =j | Xo = 1)) Theorem 4:Fori € H¢,j € H, the conditional means sat-
. S . . is

with a conservative intensity matrix ty

Q = (i) qimi; = Di; + Z Lk (6)

ECH® ki

where the associated intensitigs are defined by For a Markov chain with a discrete-time parameter, (3)—(6)

G = }E}% p“—(t)’ -y still hold.
and Ill. FROM AN INDIVIDUAL TO A POPULATION
Gii = tligloo % =— Z Gij- A. Problems Considered in This Paper
el The first family of objective functions is used in our studies
For a Markov chain with a discrete-time parameterQet=  in this paper:
’ Le{.H be a setinE in which we are interested (i.e., the set of(;;) — { n+l+ M (i si), YOS 2%1 si < An
global optima), and” = min{t > 0; X, € H | X,}. Diet Sis VAn <3 gsi<n

The first hitting probability to a statg € H, restricted to a (1)

finite 7" and conditional on initial statg is defined by
wherez = (s ...s,) is a binary string with length and the

Dij =P(X7 = j,T < oc| Xo =1). parametei\ € (0,1].
This is a simple but typical objective function, with one global

Similarly optimal point:(0...0). We construct the family of objective
D;=P(T<oo,XpeH|Xy=14)= Z D;.. functions based only on the sum effect%f without any in-
’ i ’ teraction among;, which will be more difficult for certain EAs
o . : [21].
~ The mean first hitting time to a stajec H, restricted to & = when) = 1/n, the objective function becomes a deceptive
finite 7 and conditional on initial statg is defined by problem for classical simple EAs [22], i.e.,
mij = B(T, T < 00, Xy = j| Xo = 1). () = {n+ 1-n(3Ch,s), Y0O<Y s <1 ®)
Similarly o si Vi< r s <.
m; =BT, T < oo, Xy € H| X =1). When A = 1, the objective function becomes an easy uni-

) ) modal problem for classical simple EAs, i.e.,
The following theorem by Syski [18, Th. 1, Ch. II, Sec. 3.1.3]

gives the equations for the first hitting probability. 1 (& n
Theorem 1: The first hitting probabilityD; satisfies the fol- oz)y=n+1- - Z si |, Y0O< Z si<n. (9)
lowing: i=1 i=1
Z gDy =0, 1€ H'=FE—H Itis clear from the above cases that whecthanges from /n
& to 1, the difficulty of the problem changes from hard to easy for

D;,=1 +ieH. (3) classical simple EAs.
] ) The second family of objective functions is based on the first
The following theorem establishes the resultdan[18, Th.  gne, but more complex. A distributing tewtiz) is added to the
3, Ch. I, Sec. 3.1.3]. first function, i.e.,d(z) = ¢(x) + e(x). An example of such
Theorem 2:Forj € H functions is given in (10), shown at the bottom of the next page.
Z gDy =0, i€ HE Another example of such functions is to add function (9) with
T a distribution term-2 if the sum of bits) _"_; s; is odd. That is

Dij = 6 = {}; i GEH @) gy [nrlop (S, X s iseven
R Tlnt1-2 (0 s) -2, WY, s isodd
The mean first hitting timesn; andm;; are given by the (12)

following two theorems, respectively: [18, Th. 10, Ch. I, Sec.
3.1.1 and Th. 8, Ch. ll, Sec. 3.1.2]. Fig. 1 shows the above objective functions.
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population-based selection will be used f&f + V) EAs, since
(1+ 1) EAs do not have population-based selection.

1) Population Can be Beneficial: An Exampl&irst, we ex-
amine a case where &h+ 1) EA for the problem (8) is expo-
nential in time, but its correspondii@/ + V) EA is polynomial
in time. The framework of all EAs used in this paper is the same
as that described in Section II-A. The details of (e 1) EA
under consideration are given below.

Mutation I: Given a population (only a single individual in
the case of1 + 1) EA) X, at generatior. For each individual
(s1 ...s,)inthe population, choose one bit from the individual
; and flip it. The mutated population is denoted)é,%"’)

0 : : : Selection I: Assign the survival probability of the better in-
dividual between’(t(m) andX, to bep (0 < p < 1), and that of
the worse individual to be = 1 — p. Generate the next gener-
Fig. 1. Objective functions (8), (9), (10), and (11). ation X, ; using these survival probabilities.

The selection procedure given above includes a wide range

In this paper, we use the following functieidZ) to measure of different selection schemes, depending on the choige i6f
how far a population is away from the optimal point. For ap = 1, it is the elitist selection.

25

- N
w o

—y
o

objective function

sum of bits

individual z = (s; ... s, ), define the Hamming distance The correspondingN + N) EA uses Mutation | and the
following population-based selection:
n Selection II: Retain the best and worst individuals in the
d(z) = Z(Si - 0) (12)  combined population ok ™ and X, and assign othezN' —
i=1 2 individuals positive survival probabilities;., . .., pay—_1, re-

spectively, based on their fitness. Select the next generation from

and, for a populatior¥Z, define (m) : . o
X, and X, using these survival probabilities.

d(Z) = min{d(z); 2 € Z}. (13) Recom'b.ination i; not used .in the algori'thm.
Proposition 1: Given the objective function (8), we have the
following.
B. Impact of Population on the Time Complexity of EAs 1) For the(1 + 1) EA with Mutation | and Selection I, de-

fine Sy = {z|d(z) = k},k = 0,...,n andmgs, =
E[T;T < oo | Xo € Si]. If p < 1, the mean first hitting
time mg, satisfies the equation shown at the bottom of
the page, where if/q is a constant greater than 1, then
ms,,-...mg, are exponential functions ef.

If p = 1, the mean first hitting timen s, starting from
an individual inS; will be

Despite the common wisdom in the evolutionary computa-
tion community that a population ought to benefit evolutionary
search, few theoretical results are available on the existence of
such benefit and how much benefit there is if it exists. There are
some interesting open questions to be answered. For example,
will the time complexity change if we introduce a population
into EAs? Could an exponential-tinfg + 1) EA be turned into
apolynomial-timg N+ V) EA (N > 1) byintroducing a popu- ms, =0,
lation? Would a polynomial-timél + 1) EA still be polynomial
in time after the introduction of a population? {

We answer these questions by case studies using the problems
given in Section Ill-A. We keep the mutation operator used in 2) For the(N + N) EA with Mutation | and Selection I,
(14+1) EAsand(N + N) EAs the same all the time. However, defineS, = {Z|d(Z) = k},k = 0,...,n, and define

ms, =+ (with probabilityl /n),
msk:(), ]E[T|X0€Sk]:oo, /{;:2,...,71.

(o) - (=D, s = o)

d(x) = n+1-—
T ln+1-=2C00 s, else.

3=

ms, = 0,

J n—1—1
+2J =0 q(]+2) (p) ( i=0 " 144

n—k—1 n J n—k—z _
ms, = ms,_ 1+kq+z q(1+k+1)( ) ( i=0 " ktq )7 ]C—Z,...,TL—].
ms, =ms, , +q .

b.v
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the mean first hitting timens, = IE[T;7T < oc| Xy € Dbilities are given by

Sx]. Then
Poo =1
ms, =0, ]jkh:P(Xt-l—l ES}L|Xt ESk),k‘Il,...,TL,hIO,...,TL.
{msk SELI%, k=1,....n

For the Markov chair(Y;), let its first hitting time to state
whereNms, , ... Nms, are polynomial functions af.  © beTy = min{#Y; = 0}, and the mean first hitting time
Proof—Part (1): From the given(1 + 1) EA, transition % ~ E[ly;Ty < cc|Yo = k]. Then it is apparent that

. my = mg, forany0 < k < n.
prc\)/\tl)?gll:l]tfle_s ?n}g?fgyiag t;e derived. Let Dy, = P(Ty < oo |Yy = k). According to (3), the first
- ’ 1

hitting probabilities are given by (14), as shown at the bottom

1 of the page.
P(XH—I € S5p | X = L) = Ep If p < 1, we get
1 -1
P(Xt+1651|XtIi)Il——p—(n ) D0:D1:D2:Dn:1
n n
-1 _ s . .
P(Xp41 € So| X, = 1) = (n )p' If p = 1,_theflpnn = _1, this means that s_ta_ltas an absorblng
n state and it is impossible for the EA to visit the global optimal
state starting from state. Let D,, = 0 for the equatio®D,, =
Whenl < k£ < n, foranyi € S, 0. We get
k 1
P(Xt+1€Sk_1|Xt:i):g(] D0:17D1:g7D2:"'Dn:0~
P(Xi11 € Sk | Xy =i) =1~ <Eq + n- kp> According to (5), the mean first hitting time satisfies (15),
n n shown at the bottom of the page, wher: 1.
n—k

The above linear equations can be solved as shown in the last
equation at the bottom of the page.

If p/q is a constant greater than 1, then, ..., m, are ex-
ponential functions of.

Whenp = 1, the mean first hitting time satisfies the following
P(Xiq1 € Si1 | Xs =d) =g equations:

P(Xi41 € Sk [ Xy = 0) =

Whenk = n, for anyi € Sy,

P(Xt+1€Sk|Xt:'L)Il—q. mO—O,
my = % + %mo + "Tflmm 16
Introduce an auxiliary homogeneous Markov ch@i, ¢ = ek =14+ 2 Em iy k=2...n—1, (16)
0,1,...) whose state space{s, ...,n} and transition proba- Om,, = 0. "

Dy=1
1pDo — (%p + —(";1))1@1 + @ UpD, =0

4 ‘ : 4 (14)
%qufl_(%q—i_nT_kp)Dk"i_nT_kak:()v I{}IQ,...,TL—l
an,1 - an =0.
Mo = 0
(o =5p) ma = 1+ jpmo + “Tipmy (15)
(Eg+2=Ep)ms = 1+ Egmp_y + 2 Epmpyr, k=2,...n—1

qgmp =1+ qmy 1.

mOIO

J ; .
_n n—=2 n (p J n—1-—1
ML= +Ei=0 a(G+2) (fz> ( =0 1+i )
_ n n—k—1 n P J J n—k—1 _
ma = M-+ 55+ 2 m(a) ( i=0 k+z) k=2...,n-1

— —1
Mp = Mp—1 + q .
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SinceD,, = 0, we should letn,, = 0. Hence, we obtain

mOIO,
_ 1
ml—ﬁv

mp=0, k=2,...,n,

and for anyk > 2, sinceD;, = 0, we havelE[Ty | Y, = k] =
o0, and]E[T|Xo € Sk] = o<,
Sincems, = my, we get the conclusion of Part (1).
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Sincemg, < my, we come to the conclusion of Part (21

The above proposition gives an estimation to the mean first
hitting times of the EAs starting from different states. From
these expressions, we can get the details of the EA's time com-
plexity. It is easy to see that for tH&/ + V) EA, ms, = O(n)
andmg, = O(nlogn). For the(1l 4+ 1) EA, the order of
ms, is qp~2(1 + (p/q)"™. If p,q > 0 are constants, the order
will be Q((1 + (p/q))™). For otherk > 1,mgs, is at least

Part (2) Since the give(V + V) EA always keeps the bestQ((1 + (p/q)").

and worst individuals, the transition probabilities amdhgan
be derived as follows.
For anyl < %k < n and for any population € Si, we have

. k

P(Xit1 € Sp1 | Xe =4) > -
k
P(Xt+1 GSk|Xt:'L) S 1— g

P(Xt+1 € Sk+1 |Xt - 'L) - 0

Introduce an auxiliary homogeneous Markov chgify; ¢t =

0,1,...) whose state space{$,...,n} and transition proba-

bility py;, satisfies

Doo =1
andfork =1,...,n
x h=k-1
Pn={1-% h=k,
0, otherwise.

For Markov chain(Y;), let the first hitting time time to state
0 beTy = min{t;¥; = 0}, and the mean first hitting time

my, = E[Ty; Ty < oo |Yp = k. Itis apparent that, > mg,
fork=1,...,n.

For the Markov chairtY;), let Dy, = P(1y < oo|Yy = k).
According to (3), the first hitting probabilities are given by

Dy =1,
{ %Dk,1 - %Dk = 0, k= 1, ...n. (17)

Hence, we get
Do=D,=Dy=---D, =1.

According to (5), the mean first hitting times satisfy

2) Population Can Be Beneficial: Another Examplé/e in-
vestigate another example: function (11). Thet 1) EA still
uses Mutation | and Selection | for this function. Ti€é + V)

EA uses Mutation | and the following selection.

Selection lll: Retainthe bestindividual in the combined pop-
ulation of X™ and.X,. Assign the remaining.V — 1 individ-
uals survival probabilitiegs > p3 > -+ > pany > 0 based
on their fitness from high to low, respectively. Generate the next
generationX,,; using such survival probabilities.

Itis clear that Selection Il includes Selection II.

For convenience, assume thaits an even number in the fol-
lowing proposition. For the case of being odd, the proof is
similar.

Proposition 2: Given the objective function (11), we have
the following.

1) For the(1 4+ 1) EA with Mutation | and Selection |, let
Sk = {z|d(z) = k},k = 0,...,n and the mean first
hitting timemgs, = E[T,T < cc| Xy € Si]. Then we
have the equation shown at the bottom of the page, where

o(ky = P if % is an odd number 0, n)
~ lg¢ if k isaneven number ifo,n)

andmg,, ..., mg, are exponential functions of.

2) For the(lN 4+ N) EA with Mutation | and Selection llI,
let S, = {Z|d(Z) = k},k = 0,...,n. Define the
mean first hitting timens, = IE[T,T < oo | Xo € Si],
and letg = min{pi,...,pan}. Thenmg, satisfies
the first equation at the bottom of the next page where
if ¢~ is a polynomial function ofn. or a constant,
Nmsg,,..., Nmg, are polynomial functions of.

Proof—Part (1): From the description of the aboy# +
1) EA, the transition probabilities ofX;) among.s;, can be
derived. O

mo =0, Whent is an odd number ig0, 1), for anyi €
{%mkzl—l—%mkl, k=1.....n (18) enk is an odd number if0, n), for anyi € Sy
; k
from which we can get P(Xiq1 € Si_1 | Xe = 4) = P
mo = 0, N _
(St bonm P(Xi1 €84 X =) =1-p
. n—k
where eachn, is a polynomial function of.. P(Xt41 € Speqr | Xy = 1) = P
ms, = 0,
n—k—1 n (HJ n—k—i) k=1 n—1
GHr+1)8GTk+1) i=0  kt+i ) = )

Ms, = Ms,_y T kaT(Lk) + EJ':O

—1
ms, =ms,_, +¢
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Whenk is an even number if0, n), for anyi € Sy Part (2) From the description of the aboéV + N) EA,
the transition probabilities of Markov chaitX;;t = 0,1, ...)
. ..k amongsS; can be derived as follows.
P(Xit1 € Sk [ Xe =4) = Ta Whenk is an even number if0, n), for anyi € Sj,
P(Xyy1 €S| X, =i)=1—gq
—k LUk
P(Xi11 € Sppr | Xy =) = = s P(Xt41 € Sp1 | Xe = 1) > 0
, k
Whenk = n, for anyi € Sy P(Xe1 € Sk Xe=1) <1 g
P(Xiq1 € Sie1 | Xe =i) =¢q and forh #£ k — 1,k

P(Xi11 €S| Xe=i)=1—4¢q.
(Xevs € Si| Xe =1) e P(X41 € Si | X, =) =0.
Introduce an auxiliary homogeneous Markov ch@i, ¢t =
0,1,...) whose state space {9, ...,n} and transition proba-
bilities are given by

Whenk is an odd number i0, n), for anyi € S

. k
P(Xi41 € Spo1 | Xy =1) 2 -
Poo =1 P(Xp41 € Sk| X, =1i) >0
Prn = P(Xi41 € Sp | Xy € Si) n—k
. =)<
k,=1,....,n, h=0,...,n. P(Xit1 € S [ X =) < n
Now letP = (5i;) andforh # k— 1,k k+1
= (Bi))-
For Markov chain(Y;), define the first hitting timely = .
min{¢; Y, = 0} and its meann;, = E[Ty,Ty < oo| Yy = k). P(Xt41 € Sp[Xe=1) =0.
It is apparent thatn;, = mg, forany0 < &k < n. 3 _
Define the first hitting probabilityD;, = P(Ty < oo |Yy = Introduce an auxiliary homogeneous Markov _ch@m,t =
k) for Markov chain(Y;). From its transition probability matrix 0, 1, .. .) whose state space {9, ...,n} and transition proba-
P and (3), we have bilities are given by
Do=Dy=---D,=1. Poo =1

shown at the bottom of the page, from which we can obtain the 0, otherwise.
last equation at the bottom of the page. %7 h=k—1

Itis clear from the above equations that,k = 1,...,n are Prn =< "=k =L 41 foranyoddkin (0,n).
exponential functions of for p € [0, 1].

n ?

k
According to (5), the mean first hitting times satisfy (19), Pkr = { 1- kg h=k, for any everk in (0, n]
{ 0, otherwise.

ms, = 0
3 n—kn . .
ms, <ms,_, + 1+ ,g(kﬂ))q, k is an odd number 2, n)
mg, <mg,_, + kiq, k is an even number i0, n]
mo = 0

gmi =14 Egmy_1 + 2%qmy41, & is an even number i(0, n)
pme =1+ Epmy_y + 2=Epmy 41,k is an odd number i0, n)
qmy, =14+ qgm,_1

(19)

mo =0
B " n—k—1 n J o n—k—i _
mk_mk,1+m+2j:0 GITD6GHeTD (Hi:O k—l—iZ)’ k=1,....n—1

_ -1
My =Mp_1+¢q .
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For Markov chain(Y;), defineTy andm; as the same as Selection IV is similar to simulated annealing with a fixed

those in Part (1). We have;, > ms, forany0 < & < n. temperature [23]-[25].
Let P = (p;;) define the first hitting probabilityD, = The correspondingN + N) EA still uses Mutation | and
P(Ty < o |Yp = k). According to (3) Selection III.
Proposition 3: Given objective function (10), we have the
following.

Do=D,=Dy=---D, =1. _ , ,
1) For the(1 4+ 1) EA using Mutation | and Selection 1V,

let S, = {z|d(z) = k},k = 0,...,n, and the mean

According to (5), the mean first hitting time satisfies first hitting timems, = E[T,T < o |Y, € Si]. Then
we have the second equation shown at the bottom of the
mg = 0, page, whereng, , ..., ms, are polynomials im.
mi =1+ Emy_y + 2=Em,,, foranyoddkin (0,n) 2) For the(N + N) EA using Mutation | and Selection |1,
%qu = 1+%qu—17 for anyevenkin (0771] define S, = {Z|d(Z) = k‘},k = 0,...,n. Let the
(20) mean first hitting timems, = E[I,T < o|Xy €
Sk], ¢ = max{pny1,...,p2n}. Thenms, satisfies, for
k=1,...,n— 2, the last equation shown at the bottom
from which we get the first equation shown at the bottom of  of the page, wher&/ms_ . andNms_ are exponential
the page. It is easy to see that,k = 1,...,n, are polyno- in n if ¢~ is exponential im.
mial functions ofn if ¢g~* is a polynomial function of: or a Proof—Part (1): From the description of the above -+
constant. Ll 1) EA, the transition probabilities ofX;) amongs;. can be
From the above proposition, we can also estimate the tif§gyiyed.
complexity of the EAs. For example, for the+ 1) EA, ms, = Whenk = 1,...,n — 2, for anyi € S
Q(2"/p) (assumingp > q). For the(N + N) EA, ms, <
O(n?/q). . k
(3) /P(zpulation May Not be Beneficialtn general, if the first P(Xt41 € Ser|Xe =1) = n’
hitting time of a(1 4+ 1) EA is polynomial in the input size, the ) ko (n—k)
first hitting time of the correspondingV + V) EA will also be P(Xit1 € Sk Xe=i) =1~ n_ n2
polynomial, except for some cases where the selection pressure ) (n—k)
is very high in the(NV 4+ N) EA. P(Xe+1 € Sipa [ Xe = 1) = nZ
Consider the objective function (10).(A + 1) EA uses Mu-
tation | and the following selection. Whenk = n — 1, for anyi € 5y
Selection IV: If X\™ is better thanX,, let X, = X™. If "o 1
X is worse thanX, let X, 4, = X™ with probability1 /n. P(Xi41 € Sp2| Xe =14) =
If they are the same, seledt, andXt(m) uniformly at random 1
as the next populatiof,; . P(Xt41 € Sn| Xy =14) = o
mo = 0,
mi = me—1+ %+ "k;"ﬁ, k is an odd number if0, n)
mE = mg_1 + k%’l, k is an even number (D, n].
ms, = 0

n—k—2 J —k—i n—k—2 n_k—s
ms, =ms,  + 5+ X350 e (Tloo i) 2 (I05 7tk ). k=1 on—2

2n
ms, , =ms, , + n—1
ms, =ms,_, +n

ms, =0,
ms, >, (1 - (1- %‘/)N)_1
ms. 2 TR (1200 T+ (-0 @Y a-a-0Y
ms, = (1= (1 - ™)~ (14 (1 (

3=
e
Z
e
L
~
3|~
S—’
2
Na—”’
_l’_
S0 3
I3
e
N
—
|
—~
—
|
|
S—’
=
Na—”’
|
-
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Whenk = n, for any: € S, Part (2) From the description of the abdvg + V) EA, the
transition probabilities of X;;¢ = 0,1,...) amongs; can be
. 1 i
P(Xt-l—l €S, 1 |Xt — 'L) _ derived. .
n . Whenk = 1,...,n — 2, for anyi € S
NN
P(Xt+1 € Sn | Xt = 'L) = .
n k N
- . . =1)<1— - —
Introduce an auxiliary homogeneous Markov chéip, ¢ = P(Xipr € S [Xe =) <1 <1 n)
0,1,...) whose state space{$, ...,n} and transition proba- Y
bilities are given by P(Xiy1 € Sk | Xy =4) > <1 - ;)

Poo =1
Drh = P(Xi41 € Sh| Xt € Si)

k=1,....,n, h=0,...,n.

Whenk = n — 1, for anyi € S,

N
1
P(Xt+165k_1|Xt:i)§1—<1—nn )

For Markov chain(Y;), let the first hitting time to the state .
0 beTy = min{t;Y; = 0} and its meann;, = E[Ty, Ty < P(X Solx, =i (L
o0 | Yo = k]. Itis clear thatmy, = ms, , for any0 < k < n. (Xis € Sips [ Xe =8 2 { 0
LetP = (p;;), and define the first hitting probability to be

Dy =P(Ty < 00| Yy = k). From (3), we can get Whenk = n, for any: € Sy
D0:D1 :DQIDn:]- P(Xt+1 GSn_1|Xt:'L) S 1_(1_q)]\r
P(Xiy1 € Sn | X =4) 2 (1- )",

According to (5), the mean first hitting time satisfies (21),
shown at the bottom of the page, from which we can get the
second equation shown at the bottom of the page. It can be seelmtroduce an auxiliary homogeneous Markov ch@ih, ¢ =

from the above equations that,, £ = 1,...,n are polynomial 0,1,...) in the state spacfD, ...,n} whose transition proba-
inn. bilities are given by the last equation at the bottom of the page.
mo = 0,
(%+n’rl_2k)mk:1+%mk_1+nn;zlcmk+1, k=1,...n—2 1)
Mp_1 =1+ nT_l n—2 1 %mn

1

n

1
m, =1+ nMn—1

m0:0

o n n—k—2 n J n—k—1 n n—k—2 n—k—; . _
myg = Mg—1 + % + ZJ=0 Jk+1 (HZ:O (k—l—z)n) + 1 (Hz:O —(k—l—z)n) 3 k= 17 cees 2
2
Mp_1 = Mp_2 + 5

Mp = Mp—1 +N.

Poo =1
kY
1-(1-%)", h=k-1
Prn = (1_£)N b=k foranyk=1,...,n — 2,
0, " otherwise.
1— (O h=k-1
Pre=1q (L)Y, heke1 fOrk=n-—1,
0, otherwise,
1-(1-¢)¥, h=n-1
Dak =3 (1 — )%, h=nmn,
0, otherwise.
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For Markov chain(Y; ), define the first hitting time to the statesmaller failure probability than that produced yindependent
0 to beTy = min{t; Yy = 0} and its meamn;, = E[Ty, Ty < (1+41) EAs. We can use thilure rateto answer the first ques-
o0 | Yo = K]. Itis obvious thatn;, < ms, forany0 < k <n.  tion. The failure rate is defined as

Consider the first hitting probabilityD, = P(Ty <
00| Yy = k) and letP = (p;;). From (3), we obtain , Dy
failure rate= —~.
Dif)
Do=D;=---D, =1

. _ . o The(1+ 1) EA considered in this section for objective func-
According to (5), the mean first hitting time satisfies (22)%ion (7) uses Mutation I and Selection | with= 1.
shown at the bottom of the page, from which we can derive, for there are twaV + V) EAs that we will analyze. The first
k=1,...,n -2 the last equation at the bottom of the page. gne, called V+ V) EA-I, is simply NV independent1 + 1) EAs
Itis clear from the above equations thagif! is exponential running simultaneously. The second EA, denoted/és+ N)
in n, thenm,,_; andm,, will also be exponential im. EA-Il, uses Mutation | and Selection III.

Sincems, > my, we complete the proof of Part (2). I proposition 4: Given objective function (7), we have the fol-
From the above proposition, we can see that for(the 1) |oying.

i i 2
EA, the order ofns, is O(n) andms, is no more thar)(n”). 1) Forthe(1+ 1) EA using Mutation | and Selection | with
For the(N + N) EA, mg,_, is greater thaf2((n(1 — (1 — — 1 letS, = {zdie) = kY b = 0 its first
N))~1) andms, is greater tha®2((1 — (1 — ¢))~1) p=LletS = {w;dx) = k}.k =0,....m, Its firs
7 ).) )an S o1 1 : hitting probabilitiesD,, = P(T < ~|X, € S) are
It is not surprising that, i+ is exponential im, then when given by
the population starts frons,,, i.e., the point{(1---1)}¥, the
(N + N) EA will take an exponential time to find the optimal
point. Furthermore, for all populations starting frafyp_1, i.e.,
the points such ag01--- 1)} or {(1---10)}, the(N + N)
EA still takes an exponential time.

DSk:L ]{;IO,...,)\TL—l
Dg, =X, k=n,
Dg, =0, k=XM+1,...,n

distribution in the spac¢0, 1}™. Then the failure proba-

One way to analyze the first hitting probability is to examine bility to find the global optimal solution is

the failure probability as defined as follows.

Definition 4: Given a Markov chaifX;,t = 0,1,...) and 1
its initial distributiono(¢) = P(Xo = ¢), let the first hitting DWW — 190+ Z ck
probability D; = P(I" < oo |Xo = i), then defineD) = ! " "
1—3", no(é)D; as themean failure probability

For a Markov chain associated with an EA, we can use the |\ vk _ (N1/kI(n — k)!) is the binomial coefficient.
mean failure probability to measure the probability of the EA 2) For the(nN + N)YEA let S, = {Z:d(Z) = k},k =

k=0

fails to find an optima. LeDgf) be the failure probability of a 0,...,n. Its first hitting probabilitesD; = P(T' <
(1+1)EA andDg\’:) be that of an NV + N) EA for the same oo | Xo € Si) are given by
problem. It is expected tthE\’f) < Dgf) because we could
simply runV independentl + 1) EAs simultaneously. The in- Ds, =1, k=0,...,An—1
teresting questions are how much smal]?é\f) could be incom- Ds, =)\, k=M
parison withD](Lf) and whether altV + N) EA would have a Dg, =0, k=X+1,...,n
mo = 0,

(1-=-5")m=14(1-(1=5")mur, k=1..n-2

r r 22
mns =1+ (1= (2 ) mana + (1) @2

n

1-Q1=gM)m, =141~ 1~ )mn_

mg = 0, B
my = ELI (1 — (1 — %)N)
i =0 (1= 0= )T+ (1Y) @V - a—p

my=(1—-(1-¢M+m_1.

1
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Assume each individual in the initial population sat- Let P = (5;;). According to (3), we have

isfies the uniform distribution in the spagé, 1}™. The
failure probability is

An—1 N
DY = <1 —2aCy -2 Y 0,’;‘) .
k=0

3) Forthe(N + N) EA-ll, let Sy, = {Z;d(Z) = k}, k =
0,...,n. Thenits first hitting probabilite®;, = P(7 <

oo | Xo € S) are given by
Dg, =1, k=0

n.

B IR

The failure probability is

DY =0

regardless of the kind of distributions that an initial indi-

vidual has.
Proof—Part (1): Forthe(1 + 1) EA, the transition prob-
abilities amongS;. can be derived as follows.
Foranyk: 1 < k < An, for: € S,

P(Xp41 € Sty | Xy =) = %
P(Xi1 € S| Xy =i)=1— %

Fork = \n, fori € S,

P(Xip1 € Sy | Xy = 4) = %

P(Xi1 € Sipn | Xo =) = =7
Foranyk: \n +1 < k < n,fori € S

P(Xi41 € Spq1 | Xe =14) = n;k7
P(Xpp1 € S| Xy =i)=1— ”;k

Fork = n,fori € S,
P(Xt+1 € Sk|Xt - 'L) - 1

Introduce an auxiliary homogeneous Markov ch@ip, t =

0,1,...) in the state—spacH), ..., n} whose transition proba-
bilities are given by
Poo =1
P = P(Xip1 € Si | X; € Sp)
k=1,....n, h=0,...,n.

For Markov chain(Y;), let7y = min{¢;Y; = 0} andDy,
P(T < oo|Ys = k). Itis clear thatD;, = Dsg, for &
1,...

, M

Do =1,
EDioi—EDp =0, k=1,...0n-1

EDror = Di+2EDj =0, k=Xn (23)
kD —2ED =0, k=XMn+1,...n—1,
0D, = 0.

Since stater is an absorbing state, it is impossible to access
the global optimal solution starting from this state. We should
let D,, = 0 for the equatiod.D,, = 0. Then we can get

{

SinceD,, = Ds, and the distribution of initial individuals is
uniform in the spacg0, 1}", we obtain

D=1, k=0,....,2n—-1
Dp=X k=An
D=0, k=>+1,....n.

An—1

DY =127 <AC,§" + ) C,’;‘) :

k=0

The above equations show that starting from a population in
Sk(k > An), the EA fails to find the global optimal solution.

Part (2) Note that each initial individual is chosen uniformly
at random from{0, 1}"™. Hence, we have

T An—1 N
DY = (Di”)]\ = <1 2yt -2 Y C,’;)
k=0

Part (3) For the(N + N) EA-ll, there exist some positive
valuesag (e.g., letag = min{ps,...,p2n}) andby (e.9., let
bo = 1—(1—ap)) such that the transition probabilities among
S can be bounded as follows.

Whenk = 1,...,n, fori € Sy

P(Xt41 € Sp1 | Xe = 1) > ao
P(Xt+1 € Sk+1 |Xt - 'L) S bo.

Whenk = n, fori € S,
P(Xt+1 € Skfl |Xt = 'L) 2 agp.
Introduce an auxiliary homogeneous Markov ch@ip, t =

0,1,...) in the state—spacf0, . . . ,n} whose transition proba-
bilities are given by

Poo =1
ap, h=k-1

Pri, = l])-()’ (a0+b0)7 Z;]Z+1fork:1,...,n—1
0, otherwise

| ay, h=n-1

p"h_{l—ao, h=mn.

For Markov chainy;), let7y = min{¢;Y; = 0} andD,, =
P(Iy < > |Yo = k). We haveD,, < Dg, fork=1,...,n.
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According to (3), the first hitting probabilities for Markov : ‘ ' ‘ ' ' ‘ o+
chain(Y;) are given by (24), shown at the bottom of the page V2.~
from which we can get L S o P

.DkI].7 k‘IO,...,TL. 0.8 r ]

Given an initial distribution.o, we have g 06 .

& X
DY =13 po(k)Dr =0 04t ]
02t 1
which shows that théV + ) EA-Il can find the global optimal «
solution from any initial population. This is a much improved 0 T . N . ) N )
result as compared to that in Part (2). O 0 5 10 15 20 25 30 35 40
Discussion: Now we discuss the failure rate of the above population size

(1+1) EAand(N + N) EA-I further. We investigate how the . o o )
For the objective function with = 1/2, whenN decreases, the failure

population size changes the failure rate. From Parts (1) and v(zéforthe(N + N) EA-I to find a global optimal solution in polynomial time
in Proposmon 4, we have decreases very quickly. However, for the objective function (7) wita 1/n,
the(N 4+ N') EA-I does not seem to improve much over fliet+ 1) EA, even
for large N

An—1 N-1
failure rate= <1 —27TACT -2 ) C,’;) .

k=0 If we run each individual on one processor, ignoring the commu-
nication cost, then the speedup in a parallel computing system
Wheni = 1/n is
failure rate= (1 — 27)N =1,

E[11]
E[Tn]

In this paper, we are interested in the later definition of speedup
1\ V! on a hypothetical parallel computer.
failure rate~ <_) : Consider the objective function (9). The+1) EA for it uses
Mutation | and Selection | withh = 1 and thg/ N + N) EA uses
Fig. 2 shows how the failure rate decreases as the populatidatation | and the following selection.

size increases whem = 20. It is clear from Fig. 2 that little  Selection V: Select the beszN — 1 individuals in the com-

improvement could be made wheéhbecame large for the ob- bined population ofX, andX ™) as the next generatiali; ;.

jective function withA = 1/n. However, a much greater im- The best individual is selected twice.

provement could be made aswas increased for the objective The selection used above is a variant of truncation selection,

speedup=
Wheni = 1/2

function with A = 1/2. as often used in evolution strategies.
Proposition 5: Given the objective function (9), we have the
D. Impact of Population on the First Hitting Time following.

In this section, we discuss the impact of population on the 1) For the abovél + 1) EA, assume the initial population
average computation time of an EA. We consider the question s distributed uniformly at random i§0, 1}™. Then the
whether the mean first hitting time of 4@V + ) EA would mean first hitting time will be
be shorter than that of@ + 1) EA that uses the same mutation
operator and, if it is, how much shorter. . X

Let IE[Z7] be the mean first hitting time for@d + 1) EA and  oen k 1
[E[Tn] be that for g ¥V + N) EA. The speedup of thgV + ) E[T1] =n2 Z o Z‘l
EA over the(1 + 1) EA can be defined as

q E[T1] 2) For the abovéN + N) EA, also assume each individual
speedup= NE[TN] in the initial population is distributed uniformly at random
Dy =1,
{ aoDy—1 — (a0 +bo) Dy, +boDy41 =0, k=1,...,n—1 (24)
aoDn,1 — aoDn =0
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in{0,1}". LetSy, = {Z;d(Z) = k};k =0,...,n.Then ial ‘'speedup  + |
the mean first hitting time will be .
12r +++++++++++++++++++++++++++++ 4
n k : . et
E T \ i1 I b
[IN] <D po(Sk) [ n i N
k=0 =1 2 osf l
[
&
wherepo(So) =1 — (1 —2"")Y, andfork =1,...,n 06 1 1
04t ]
n ]\T
po(Sk) = [ 1— <1 - C’,’;/(Z C;) ) 02t |
=+ 0 L L 1 L L : L L
0 5 10 15 20 25 30 35 40
x|1- Z po(S;) | - population size

Fig. 3. SpeedufE[T:]/E[T~] of the (N + N) EA using Mutation | and
Selection V over thél +1) EA using Mutation | and Selection | on the objective

3) The speedup of th(eN + N) EA over the(l + 1) EA s function (9) when the initial population is distributed uniformly at random.

given by
The mean first hitting time for theV 4 V) EA starting from
SRR, . . a population inSy, is
2 Ek:OCr’; (Ef fJ 1) Pop "
speedup> - — . L
SN Sy ——
j=1

Proof—Part (1): Let Sy, = {x;d(z) = k},k =0,...,n. ) L .
For the(1 + 1) EA, we have Hence, the mean first hitting time will be
k

po(Sk) =27"C, k=0,...,n E[T] =3 po(Sk) [ n>_i™"
k=0

since the initial population is distributed uniformly at random

The mean first hitting time starting from an individual $i3 Part (3)Itis a direct resuit of Parts (1) and (2). -

Fig. 3 shows such a speedup functioméfvhenn = 20.

IS However, the estimation on the speedup, more precisely on
k [E[T~], given above is not very tight. Further work is needed to
ms, =Y _n/j. derive tighter bounds.
j=1 Now we examine another distribution of the initial population

for the above EAs and problem. Assume the initial individual

(both for the(1 4+ 1) EA and(N + N) EA) takes(1--- 1), i.e.,

" " & the EA starts from the worst state.

E[Z]=Y" po(Sk)ms, =n27"S Ck iU The analysis in the above proposition is not suitable for this
Z * Z Z case. If we use the above analysis, we would have

Hence, the mean first hitting time is

k=0

Part (2) For the(N + N) EA, since individuals in the initial E[T] = - S — un(S _ - i1
population are distributed uniformly at random, we havéfer 1] ZNO( Lms, = po(Sa)ms, nz‘]

k=0
0, BN and
po(Sk) = P(Xo € Sk) E[Ty] <Y wo(Sk)ms, = po(Sn)ms, =n > it
=P((3z € Xo: 2 € S,) and k=0 j=1
>< ‘v’a: € Xo: x ¢ So, - -Sk—l)) Hence
N
) T
1 - C’“ <Z C;) ) speedup= [[Tl]] > 1.
=k
There would be no speedup at all. A more accurate estimation

x| 1= Z 1o(S;) | - onIE[T] is needed. The following proposition represents our

§=0 first attempt.

Proposition 6: Given the objective function (9), we have the
wherepio(Sp) = 1 — (1 — 27V, following.
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1) Forthe aforementioned + 1) EA, if the initial popula- Whenk =2,...,n—1,forl=1,...,N andi € Sy
tionis(1l---1), then the mean first hitting time is
" P(Xt+1€Snl}L|Xt:L):O, m</€—1, h:].,,N
E[11] =) n/i. P(Xi41 € Sk—un [ Xy = 4)
= fzawte-pt e
2) For the aforementionedV + N) EA, if all individuals =0 otherwise
in the initial population aré1 - - - 1), then the mean first P(Xt+1 € Spn | Xe = 1)
hitting time is =0, ) o h <=1,
=9SI-Sn CH(E) (-8, h=lsl
E[Tn] £ my >0, h>1+1
wherem,, is given by, forl = 1,...N — 1 andk = P(Xt41 € S| Xe=0) =0, m>k, h=1...N
2,...,n — 1, asin the first equation shown at the bottom Whenk = n, for anyi € S,
of the page.
3) The speedup of th@V + N) EA over the(1 + 1) EAis .
given by P(Xt+1 S S(n—l)N Xt = L) =1.
" Ek L1 Introduce an auxiliary Markov chaif};) whose state space
speedup> ——==L° is{0,11,...,1N,21,...,2N,...,(n—1)1,...,(n—1)N,n}
My

Proof: The proof of Part (1) is the same as that for Prop@nd! = 1,...,

sition 5.

Part (2) Let Sy = {Z;d(Z) = 0}, 5 = {Z;d(Z) = k,
and the number of individuat with d(z) = kisl}, fork =
1,...,n—=1,andl =1,...,N,andS, = {Z;d(Z) = n}.

According to the givedN + V) EA, the transition probabil-
ities amongsSy,; can be derived as follows.

Whenk = 1,fori =1,..., N andi € Sy;

)

1
1- =

P(Xt+1ESO|Xt_L) 1-— < "

P(Xip1 € Sin| Xe=1)=0, h<I

P(Xit1 € Siggn [ Xe=4) < (1 - )
P(Xt+1651h|Xt—L >0, h>Il+1
P(X¢41 € Spn | Xy =49) =0, m>1, h=1,...,N.

7

and transition probabilitieg;, ;, are given bypg o = 1fork =1
N

_ 1\*
Puo=1—-11-—
n
and
13! . B
pll,mhz{(l_ﬁ)’ m=Fk, h=I1+1
0, else
fork=2,...,n—1andl =1,..., N, see the last equation at

the bottom of the page.

For Markov chain(Y;), define the first hitting time to state 0
to beTy = min{t;Y; = 0} and its meanny,; = E[7y, Ty <
o0 |Yy = Kl]. For Markov chain(X:), define the mean first
hitting time ms,, = E[T,T < co|Xo € S, wherek =
1,....,n,0=1,...,N.We havemny; > ms,, -

Let Dy = P(Ty < oo | Yo = k). According to (3), the first
hitting probabilities of Markov chaifl;),forl = 1,..., N -1,

( mo = 0

A —1
s = (1= (1= 3)")
my =14 (1— %)lml(l-l—l)

k

n

MmN = (Zh 1 Ck’ (_) " (1 -

mp =1+ mep_yN-

O L e (B (- 5 )
Mg =140 O (EY (1= EY T+

(-Sharat ()" =57 muy

or(E)" -5
ﬁkl,rnh =

0,
and

ﬁn,(n—l)]\f =1

N
1- Zh:l C(lh (ﬁ) (1 -

m=k—1 h<l
BYTM D =k, h=1+41,
else
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andk = 2,...,n — 1, are given by (25), shown at the bottom of ~ 2° ‘ ' ‘ ' ' 'speedup  +

the page, from which we can get

2r +++++++++++++++++++++++++++++++++_
-+

DOIDnIDMIl, k:l,...,n—l.

According to (5), we know that the mean first hitting time 15| - )

satisfies, forl = 1,...,N —1andk = 2,...,n — 1, (26), %
shown at the bottom of the page. 2
The above equations can be simplified, fet 1,..., N and tre 7
k= 2,...,n—1:, as shown in the last equation at the bottom
of the page. 05 L ]
Hence
E[Ty] = Y no(Si)yms, = ms, < ma. °c 5 10 15 20 25 a0 35 40
k=0 population size

Part (3) This is a direct consequence of Parts (1) and (@). Fig. 4. SpeedufE[Ty]/E[Tx] of the (N + N) EA using Mutation | and

Fig. 4 shows such a speedup function/dfwhenn = 20, SelectionV overthél+1) EA using Mutation | and Selection | on the objective
based on the above estimation. function (9) when the initial population is taken fraff, .

Consider another more difficult example given by the objec-
tive function (8). The(1 + 1) EA uses the following mutation  Mutation II: Given population (only a single individual in
and Selection | wittlp = 1. the case of1 + 1) EA) X, at generation, for each individual

(Do =1,
(1— (1- %)N) Dy — (1— (1- l)N) Diy =0
(1-(- %))Do—Dum——) Dy =0,
S O (5" (1= 5 D = (L (B (1= 5T ) Dy = 0

SO ()" (1~ 5™ Dl — Do+ (S O (5)" (1~ 5™ Dy =0,
L D(n—l)N -D,=0

(25)

(‘mo =0,

(1- =2y =1,

mu =1+ (1= 2) mig

(Zh Ll (B (- %)]\H ) may =1+ 302, C% (8)" (1= 5)" " mg_y, (26)
mk1—1+2h LCl(2)" 5 gy,

(1-
— Sha O ()" (1= )T gy
My = 1 + Mp—1)N-

('mg =0,

miv = (1-(1-HM)

mi =1+ (1= %) miapy

miv = (Zam O (5)" (1 - %)N_h)_l 1+ ek ()" (-5 mao)
mre =14 Shm CF (5)" (1= 5) T g

) N I—h
1= hn G ()" (1= 5" ) maaany
My =1+ Mp—1)N-
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(s1---s,), flip each of its bits to its complement with proba-

bility (¢/n), wherec € (0,7). The mutated population is de-
noted asx(™.
The correspondingN + V) EA uses Mutation Il and Selec-

tion V. For convenience, we only consider the case of the initie
population starting from one point and do not consider the casz

of the initial population taking a random distribution here.

Proposition 7: Given the objective function (8), we have the

following.
1) Forthe(1+1) EA using Mutation Il and Selection | with

p = 1, if the initial population satisfies
po(Xo=(1---1)) =1
then the mean first-hitting time of tHé + 1) EA will be

E(n] = ( )_".

2) Forthe(N + N) EA using Mutation Il and Selection V, if
all individuals in the initial population arél - - - 1), then
the mean first-hitting time of theV + N) EA will be

b= (- (- (2)))

3) The speedup of thgV + N) EA over the(1 + 1) EAis
ey iV
-~
")
Proof—Part (1): Let S, = {z;d(z) =k}, k=0,...
We have

C

n

—1
C

1
speedup=

E[T1] =Y no(Si)ms, =ms,
and
C

k=0
—n
ms, = (—) .
n

Part 2)Let S, = {Z;d(Z) =k}, k=0,...,n. Then

E[Tx] =Y po(Sk)ms, =ms,

s = (-0 ()

Part (3) It is a direct consequence of Parts (1) and (2).
Fig. 5 shows such a speedup function/éfwhenn = 20
andc = 1. It is clear that the speedup increases linearlyas

increases.

and
—1
C

n

IV. CONCLUSION
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‘ speedu'p
N

35
30
25

speed

20
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20 25
population size

30

35

40

Fig. 5. SpeedufiE[T}]/IE[T~]| of the (N + N) EA using Mutation Il and
Selection V over th€1 + 1) EA using Mutation Il and Selection | on the
objective function (8).

It is shown that a population-baséd/ + N) EA (N > 1)
may take only average polynomial time to solve a problem that
would take g1+1) EA average exponential time to solve, given
the same mutation operator in both algorithms. It is also shown
that the introduction of a population into an EA can increase the
first hitting probability. Given a distribution of initial individ-
uals in an EA, e.g., a uniform distribution, we are able to derive
the mean first hitting time of the algorithms. Such analysis en-
ables us to compare the mean first hitting times of(the- 1)
and(N + N) EAs under the same initial distribution and show
that a population can shorten the mean first hitting time. Our
results also represent one of the first attempts toward analysing
the average case time complexity(é¥ + N) EAs(N > 1).

There is much work to be done in the theoretical analysis
of population-based EAs. The discussions here are restricted to
some simple objective functions and EAs. This paper considers
(N + N) EAs with only mutation and selection in order to have
the population-based EAs as close tothe- 1) EA as possible
so that the impact of a population can be isolated and studied.
Different selection schemes {@V + N) EAs are studied and
shown to have different impact on EA's performance (in terms
of complexity). Our future work includes two major directions.
One is to study the impact of recombination gpd \) strate-
gies on EA's computation time. The other is to carry out similar
theoretical analysis for other combinatorial optimization prob-
lems, especially those often discussed in the classical combi-
natorial optimization field, e.g., maximum matching and other
problems [26], [27].
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