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Solving Equations by Hybrid Evolutionary Computation Techniques
Jun He, Jiyou Xu, and Xin Yao

Abstract—Evolutionary computation techniques have mostly Built on the work of solving linear equations, this paper also
been used to solve various optimization and learning problems. proposes two hybrid algorithms for solving partial differential
This paper describes a novel application of evolutionary com- oqations, i.e., the Dirichlet problem [2]. Both hybrid algo-
putation techniques to equation solving. Several combinations ith ' th 'd'ff thod 121 to di tize th fial
of evolutionary computation techniques and classical numerical r'. ms u;e e _' ergnce me od [2] to .|Scre 1ze the par 'f"‘
methods are proposed to solve linear and partial differential differential equations into a linear system first and then solve it.
equations. The hybrid algorithms have been compared with ~ Fogel and Atmar [3] used linear equation solving as test
the well-known classical numerical methods. The experimental problems for comparing recombination and inversion operators

results show that the proposed hybrid algorithms outperform the 34 Gaussian mutation in an evolutionary algorithm. A linear
classical numerical methods significantly in terms of effectiveness
system of the form

and efficiency.

n

Index Terms—Adaptation, hybrid algorithms, linear equations, )
partial differential equations. bi = Z ai; (%), i=1,2,--,n
j=1
|. INTRODUCTION was used in their study. The worth of an individual that encoded

) , 1, -+, L) Was defined according to the error function
T HERE has been a huge increase in the number of papgré ) g

and successful applications of evolutionary computation n

techniques in awide range of areas in recent years. Almost all of b= Z Ei
these applications can be classified as evolutionary optimization =1
(either numerical or combinatorial) or evolutionary learning (suvhere
pervised, reinforcement, or unsupervised). This paper presents "
a very different and novel application of evolutionary computa- E, = Z |aij () — bil, i=1,2, -, n.
tion techniques in equation solving, i.e., solving linear and par- et
tial differential equations by simulated evolution. ) ) )

One of the best-known numerical methods for solving line&towever, the emphasis of their study was not on equation
equations is the successive overrelaxation (SOR) method [3§/Ving. but rather on comparing the effectiveness of recom-
However, it is often very difficult to estimate the optimal rebination reIat!ve to mutation. NQ comparison with classical
laxation factor, which is a key parameter of the SOR methogduation-solving methods was given, and only small problems
This paper proposes a hybrid algorithm combining the som = 10) were conS|dered_ [3]. The problems tested in this
method with evolutionary computation techniques. The hybrRfiPer have up to 150 equations. _
algorithm does not require a user to guess or estimate the opl € rest of this paper is organized as follows. Section Il de-
timal relaxation factor. The algorithm “evolves” it. scribes the hybrid algorithm for solving linear equations, proves

Unlike most other hybrid algorithms where an evolutionarl§$ convergence, presents its numerical results, and compares it
algorithm is used as a wrapper around another algorithm (ofteh the SOR method. Section IIl gives two hybrid algorithms
classical algorithm), the hybrid algorithm proposed in this papf" solving partial differential equations, proves their conver-
integrates the SOR method with evolutionary computation tecdNce; presents their numerical results, and compares them with
niques, such as recombination and mutation. It makes befé® SOR method. Section IV concludes the paper.
use of a population by employing different equation-solving
strategies for different individuals in the population. Then thesell: HYBRID ALGORITHM FOR SOLVING LINEAR EQUATIONS
individuals can exchange information through recombination. Consider the following linear equations:
Experimental results show that the hybrid algorithm can solve
equations within a small fraction of time needed by the classical Az =b (1)

SOR method for a number of problems we have tested.
whereA € R x R* andz, b € R".

Let
Manuscript received September 28, 1999; revised February 3, 2000. This B—17—di -1y 4
work was supported in part by the State Key Laboratory of Software Engi- =4t = Iaqaii )
neering, Wuhan University, Wuhan, China. d= diagXai_il)b. (2)

J. He and J. Xu are with the Department of Computer Science, Northern Jiao-
tong University, Beijing 100044, China (e-mail: jhe1998@263.net). N .
X. Yao is with the School of Computer Science, University of Birmingham-,rhen substituting (2) into (1), we have
Edgbaston, Birmingham B15 2TT, U.K. (e-mail: x.yao@cs.bham.ac.uk).
Publisher Item Identifier S 1089-778X(00)04472-6. x = Bz +d. 3)

1089-778X/00$10.00 © 2000 IEEE



296 IEEE TRANSACTIONS ON EVOLUTIONARY COMPUTATION, VOL. 4, NO. 3, SEPTEMBER 2000

The SOR method [1] for solving (3) can be described as 1)

azgk) =(1- w)azgk*l)

1—1 n
+w Z b“.’ligk) + Z bij.’lij(»k_l) + dz ’
j=1 =i+l 2)
i=1,--- n. (4)
If we rewrite B as
B=L+U,

then (4) can be rewritten in the matrix form
k) — (1-— w)x(kfl) + w(L:c(k) 4+ U0 d).
That is
z® = £,20Y g (5)

where
3)
Lo=I—wL) (1 —w)l+wl)
g9, =w(l —wL)™'d

wherew € (0, 2) is called the relaxation factor, which influ-
ences the convergence rate of the SOR method greatly. The op-
timal relaxation parameter has been discussed for some special
matrix A [4]. But, in general, it is very difficult to estimate the
prior optimal relaxation factor.

The key idea behind the hybrid algorithm that combines
the SOR method and evolutionary computation techniques is
to self-adapt the relaxation factor used in the SOR method. 4)
For different individuals in a population, different relaxation
factors are used to solve equations. The relaxation factors will
be adapted based on the fitness of individuals (i.e., based on
how well an individual solves the equations).

A. The Algorithm and Its Convergence

Similar to many other evolutionary algorithms, the hybrid
algorithm always maintains a population of approximate solu-
tions to linear equations. Each solution is represented by an in-
dividual. The initial solution is usually generated by the SOR
method using an arbitrary relaxation factor Different indi-
viduals use different relaxation factors.

Recombination in the hybrid algorithm involves all individ-
uals in a population. If the population size A, then the re-
combination will haveN parents and generatéé offspring
through linear combination. Mutation is achieved by performing
one SOR iteration as given in (5). The mutation is stochastic be-
causev used in the iteration is generated at random between 0
and 2. The fitness of an individual is evaluated based on the
error of an approximate solution. For example, given an ap-
proximate solution (i.e., an individuat), its error is defined by
lle(z)|| = || Az — b||. The relaxation factor is adapted after each 5)
generation, depending on how well an individual performs (in
terms of error). The main steps of the hybrid algorithm are de-
scribed as follows.

Initialization: Generate an initial population of approxi-
mate solutions to the linear equations using different ar-
bitrary relaxation factors. Denote the initial population as
X© = {g;,---, zy} whereN is the population size.
Let k — 0 wherek is the generation counter.
RecombinationLet R = (r;;)nxn be anN x N ma-
trix, which satisfiesr;; > 0 forl < 4,7 < N and
Ej;l r;; = 1for 1 <4 < N. Then generate an inter-
mediate populationf *+¢) = {g*FF) .. g+
through the following recombination:

O 2P
: =R| (6)
o)\

Many different methods for choosing matri2 can be
used in practiceR can be chosen either deterministically
or stochastically. This paper will show, in the next section,
that even a very simple choice &fcan work well for the
hybrid algorithm.

Mutation: Generate the next intermediate population
X M) from X *+C) as follows: for each individual
#*T(1 < i < N) in populationX *+©) produce an
offspring according to (5)

zgk-I—M) — ﬁwizEHC) 9. i=1,---,N. (7)

Only one iteration is carried out for each mutation. The
mutation is stochastic because bdlh andg,, are sto-
chastic. BotlC,,, andg,, depend om;, which is adapted
stochastically during the adaptation step after each itera-
tion.

Adaptation:Let z andy be two individuals with relax-
ation factorsw, andw,, respectively, and lete(z)|| =

|| Az — b|| and||e(y)|| = || Ay — b|| be their errors, respec-
tively. Then the relaxation factors, andw, are adapted

as follows.

a) If|le(x)|| > [le(y)|], then movev, towardw, using
Wi = (0.5 + pa)(wa +wy) ®)

wherep,. is a random number if—0.01, 0.01),
and movew, away fromw,, using

b Jwy P2 —wy), fwy>w, ©)
v Wy +py(0—wy)a if wy < Wy

wherep, is a random number in (0.008, 0.012).

b) If |le(x)|| < |le(y)]||, adaptw, andw, in the same

way as above, but reverse the role.gfandw,.

c) If [|e(=)|| = |le(y)]||, no adaptation.

The idea of adapting parameters can be applied to
many different domains. For example, back-propagation
algorithms for neural-network training can be accelerated
using self-adaptive learning rates [5].

Selection and Reproductiofithe bestV/2 individuals in
populationX %+ will reproduce (i.e., each individual
generates two offspring), and then form the next genera-
tion X *+1) of N individuals.
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6) Halt: If the error of the population:||e(X)|] = This means that the sequeannax{||e§k+1)||;j =
min{||e(x)||: € X} is less than a given threshatd, 1,..., N};k = 0,1, ...} is strictly monotonic decreasing,
then the algorithm terminates; otherwise, go to step 2).and thus convergent. [ |

There are a few parameters in the above algorithm which mayThe following theorem justifies the adaptation method for re-
be tuned in practice to optimize the algorithm’s performanckxation factors used in the hybrid algorithm.
However, our experience with the algorithm so far has indicatedTheorem 2: Let p(w) be the spectral radius of matri,, let
that those parameters, e.g., mathxinitial relaxation factors «* be the optimal relaxation factor, and let andw, be the
w’s, etc., are not critical. Hybrid algorithms with different parelaxation factors of individuale andy, respectively. Assume
rameter settings can all outperform the classical SOR methegl.) is monotonic decreasing when< w*, p(w) is monotonic
The experimental result and comparison are given in the néxtreasing when > w*, andp(w,) > p(w,). Then
section. 1) p(wl) < p(ws) whenw!, = p(w, + w,) for p € (0, 1),
The following theorem establishes the convergence of the hy-  5nd
brid algorithm. _ 2) p(w),) < pwy) Whenw!, = w, +§ sign(w, —w, ), where
Theorem 1: If there exists ar (0 < ¢ < 1) such that, for the § >0, andw” < wy < wy OFw, < w, < w*.

norm of £, Proof: The first result can be derived directly from the
L] <& <1 monotonicity ofp(w). The second result can also be derived
¥ from the monotonicity op(w) by lettingé < |w* — w|. ]
then

B. Numerical Experiments

i (k) — p* . -
klﬂgo ro== In order to evaluate the effectiveness and efficiency of the
proposed hybrid algorithm, numerical experiments have been

wherez™ is the solution to the linear equations, i.e., carried out on a number of problems. The first problem is to

Azt = b. solve the following linear equations:
Proof: The individuals in the population at timke are Az =b
(k) - _ .
z; 1 = 1, s N. Lekt) tEe ar)ror bftween the approxmatglvherea” —2nandb; = ifori =1, ---, n, anda;; = j for
and exact solutions bé = ;' — x*. According to recom- , #4.i,j=1,---,n The dimensiom = 150 in all of our
bination experiments. The problem is to be solved with an error smaller
e N . thaney = 1076,
wg T = Z mwg ), i=1,...,N. Table | shows the numerical results achieved by the clas-
j=1 sical SOR method with different relaxation factors, ie.=
. N ] 1.0, 1.25, 1.5, 1.75, which are common values used in the SOR
Smcezj:1 r;; = landr;; > 0, thenfori=1, ..., N method.
LAO| [ g4 e Taple Il g.ives. the num_e_rical resu!ts produced by the hybrid
i = ||* algorithm with different initial relaxation factors. The hybrid al-
N § gorithm used in all of our experiments was very simple, and had
<>y ‘zg ) _ g population size two. That is, only two individuals were used.
j=1 Two experiments were carried out using the hybrid algorithm,
< max{ <M. j=1 N} one with initial relaxation factors 1.0 and 1.25, and the other
- I T with initial relaxation factors 1.5 and 1.75. The number of itera-
According to mutation, foi = 1, ..., N tions used to produce results in Table |l and that used to produce

Z_Ek-i—M) I[wJEHC) ‘..
Sincez* = L., z* + g, then
:cgk'i'M) —z" =L, (:c(k"'c) —z").

Therefore

e+ < e ]

<5max{‘e§.k) ; j:l,...,N}.
According to selection, we have for=1, ..., N
e < )
<5max{‘e§.k) ; 7 =1, ,N}.

results in Table Il were the same. Table Il lists the results of both
individuals in a population for the two experiments.

Since only two individuals were used in a population in our
experiment, the recombination matrix was chosen as follows: if
the fitness of the first individual was better than the second, let

2+ _< 1 0 ) 7
200 0.99 0.01){ ;& |
2 . <0.01 0.99) "
xngrC) 0 1 xék)

It is very clear from Tables | and Il that the hybrid algorithm

performed much better than the classical SOR method. Hybrid
algorithms with different initial relaxation factors have all found

else, let
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TABLE | TABLE I

ERRORS PRODUCED BY THE CLASSICAL VALUE OF w FOR DIFFERENT INDIVIDUALS AT DIFFERENT GENERATIONS

SOR METHOD WITH DIFFERENT RELAXATION FACTORS OF THE HYBRID ALGORITHM; RESULTS HAVE BEEN AVERAGED OVER

TEN INDEPENDENTRUNS
IterationsL w=10 T w=1.25 w = 1.50 w =175

100 | 2.22851e+02 | 3.77823e+02 | 6.04438e+02 | 9.79678e+02 Tteration | - Hybrid Algorithm with Hybrid Algorithm with

200 | 1.12210e+02 | 2.33974e+02 | 3.92083¢+02 | 6.40986¢-+02 initial w = 1.0 and 125 initial w = 1.5 and 1.75
300 | 4.67222e+01 | 1.32309e+02 | 2.61897e+02 | 3.94819e+02 100 | 8.33748-01 9.01997e-01 | 1.25062¢+00 1.34361e+00
400 1.33169e+-01 | 5.94886e+01 | 1.51498e+02 | 2.30768e+02 200 6.81233e-01  7.26442¢-01 | 1.06422e+00 1.12993e400
500 8.54598e+00 | 5.03717e+01 | 1.65649e+02 | 3.94111e+02 300 5.56617¢-01 5.92962e-01 | 9.04964e-01  9.63276e-01
600 2.40567e+00 | 1.73236e+01 | 6.80516e+01 | 1.90952e4-02 400 4.54796e-01  4.84459e-01 | 7.39422e-01 7.87605e-01
700 1.26884e+00 | 1.63912e+01 | 8.84312e4-01 | 2.90272e+02 500 3.71602¢-01  3.95837e-01 | 6.04161e-01  6.43561e-01
800 5.44300e-01 | 8.37548e+00 | 5.39054e+01 | 2.17434e+02 600 3.03626e-01 3.23427e-01 | 4.93644e-01 5.25838¢-01
900 1.48634e-01 | 4.53472e+00 | 4.11268e+01 | 1.98593e+02 700 2.48084e-01 2.64264e-01 | 4.03343e-01  4.296486-01
1000 9.82843e-02 | 3.35902e+4-00 | 3.56386e+01 | 1.94783e+02 800 2.02703e-01  2.15923¢-01 | 3.29561c-01  3.51054e-01
900 1.65623e-01  1.76425e-01 | 2.69275¢-01  2.86836e-01
ERRORSPRODUCED BY THE HYE;I-QDBI_AI?_GICI)R|THM WITH DIFFERENTINITIAL 1000 2.67402¢-01 3.32096e-01 | 2.20017e-01  2.3436Ge-01

RELAXATION FACTORS

10~%). Two observations can be made immediately from the

Iteration Hybrid Algorithm with Hybrid Algorithm with .
. . - table. First, except for problemd2 and P3 where the SOR
initial w = 1.0 and 1.25 initial w = 1.5 and 1.75 . .
method withw = 1.25 performed the same as hybrid algo-

100 | 2-30461e+01 2.32916e+01 | 404223401 4.05483e+01 rithms, the SOR method performed much worse than the hybrid
200 | 5.70489e+00 5.81735e+00 | 2.26384e+01  2.29360e+01 algorithm for all other problems. Second, the SOR method was
300 | 5.11369e-01  5.26034e-01 | 6.15001e+00 6.16114e+00 extremely sensitive to the relaxation factarwhile the hybrid
400 4.92925e-02  4.99415e-02 | 2.73954e+00  2.77822e+4-00 algorithm was very robust against different initial values.of
500 2.38316e-03  2.420476-03 | 4.09947e-01  4.19652¢-01 This indicates that the simple adaptation scheme for relaxation

600 463174005 472330005 | 256437602 257719002 factors had worked quite effectively in the hybrid algorithm.

700 4.51076e-07  4.61773e-07 | 1.98691e-03  2.01740e-03
800 3.57279e-09  3.64514e-09 | 5.64595e-05  5.74845e-05
900 1.64988e-11  1.51914e-11 | 6.09689e-07  6.23950e-07
1000 3.41061e-13  3.41061e-13 | 7.90861e-09  8.09719e-09

I1l. HYBRID ALGORITHMS FOR PARTIAL
DIFFERENTIAL EQUATIONS

Similar ideas as described in Section Il can be applied to
solve partial differential equations. This section proposes two
Note: The factors were adapted dynamically during execution of the a'gPrybrid algorithms combining evolutionary computation tech-
rithm. The two columns under the algorithm indicate two individuals. A total Oitliques with the difference method [2] for Solving the Dirichlet
ten independent runs were conducted. The average results are reported here.

problem [2].
The Dirichlet problem can be described as follows:

approximate solutions with an error smaller than= 10—
within 1000 iterations, while none of the classical SOR method Lu=f, in
could find an approximate solution with an error smaller than {u|F = ¢(x), onl
eo = 107° after 1000 iterations, no matter which relaxation
factor had been used. After 1000 iterations, there was at leg&ere<2 is an open domain i&?, I" is its boundary, and. is
eight orders of magnitude difference between the error gener- 9
ated by the classical SOR method and that produced by the hy- Lu— — Z 9 . ﬂ
brid algorithm. Table 11l shows how changed dynamically as
the hybrid algorithm progressed.
To evaluate the hybrid algorithm further, ten additional tefife assume that matrifa;; (=)} is symmetric and uniformly
problems, labeled fronP1 to P10, with 150 variables were positive definite, and that(x) > 0 is in €.
generated at random. That is, matriceén problemsP1-P10 ) )
were all generated at random;’s were generated uniformly at A~ TWo Hybrid Algorithms
random in [16, 25], and,;’s (¢ # j) were generated uniformly ~ Both algorithms introduced in this section are the simplest of
at random in [0, 150]b; = 1.0 for all problems. All problems their more general versions. That is, we only describe the ver-
were required to be solved with an error smaller thae= 106, sion with two individuals, i.e., the population size is two in both
The maximum number of iterations allowed was 1000. cases. The first algorithm is similar to that given in Section |
Table IV compares the number of iterations needed by thecause it first discretizes the partial differential equation (10)
classical SOR method and that needed by the hybrid algorittimbo a linear system using the difference method, and then solves
to solve the linear equations to the given preciserfegs= it using the algorithm given in Section II.

(10)
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TABLE IV 3) Mutation: Each individual (after recombination) is mu-
NUMBER OF ITERATIONS NEEDED BY THE CLASSICAL SOR METHOD AND tated as follows:

THAT NEEDED BY THE HYBRID ALGORITHM TO SOLVE THE TEN PROBLEMS

Eqg = —6 9 9
TO THE GIVEN PRECISENESS(q = 107°) u§Lk+M) _ [wuu§Lk+C) +
. k+M k4+C
Problem | SOR with | SOR with | Hybrid algorithm with U; M) _ ﬁwﬂ’g +©) + gu

w =125 w =175 | initial w = 1.25 and 1.75 wherewu, w, € (0, 2).

P1 160 650 120 120 4) Adaptation: Adapt the relaxation factor for each indi-
P2 20 100 20 20 vidual as described by the algorithm given in Section .
s 0 160 0 40 5) Selection and R_eproductlorThe tv_vo mutated offspring
replace the previous population, i.e.,
P4 60 480 50 50
P5 60 670 | 50 50 ulF D = g (K HAMD)
P6 60 >1000 | 50 50 L) (kM)
h — Yh .

P7 100 > 1000 | 60 60 N , i

" 000 100 00 6) Halt: If the error of the best individual in the population
P8 ! > is smaller than the given errap, then terminate the al-
P9 70 > 1000 | 50 50

gorithm; otherwise, go to step 2).

P10 260 160 120 120 The above algorithm can be regarded as a specific version of
the hybrid algorithm given in Section Il when the population
size is two. The following theorem establishes the convergence

The second algorithm differs from the first one in that it usasf the hybrid algorithm, where its proof can refer to the proof of
two different discretization methods. Each discretization leadtieorem 1.

to a different linear system. Each linear system is solved by ariTheorem 3: If there exists some (0 < e < 1) such that
individual. The two individuals usually use different relaxation

factors. There is no dynamic adaptation of relaxation factors as Lol <e and |L.,|l<e
described in Section Il because the two individuals solve two
different linear systems. forall £, andZ.,, then

Solving the Dirichlet problem as defined by (10) numerically
is often done by using the difference method. A linear discrete
system is then obtained

lim uELk) =uj, klim vhk =}
wherew; andv; are solutions to (11).
Anup, = fn, NG Rroof: The same as the pro_of for_ Thgorem 1. [ |
{ ’ onT. (11) While the above hybrid algorithm is virtually the same as
that given in Section I, the second hybrid algorithm described
This system can be solved by the classical SOR method or pelow is quite different. It uses different discretization methods

hybrid algorithm introduced in Section Il using iteration to generate different linear systems, each of which is then solved
by anindividual. Let the two discretized systems of the Dirichlet

Ufh|1" = (/)hv

u§Lk+1) _ [/wugbk) +an problem, i.e., (10), be
Ahuh = fh7 in Q
where/£,, denotes the iteration matrix. { un|r = én, onl (12)
The first hybrid algorithm for solving partial differential
equations can be described as follows. and
1) Initialization: Generate an initial population of two indi- A, =fl, inQ
- ©) (0 i i initi i R (13)
viduals {u;,”, v, } with two different initial relaxation unlr = ¢, onT.
factorsw,, w,. Let k. «— 0 wherek is the generation '
counter. Then the two individuals, which represent two approximate so-

2) Recombination:Two parents{u ', +{*)} are used to Iutions to the above two systems, respectively, can be repre-

generate two offspring’**”, 4**<) in recombination Sented bY{us,, vs}.

as follows: The second hybrid algorithm can be described as follows.
(4C) * * 1) Ir?itialization: Generate an initial popu-lation of two ipdi-
{ u, = (L= + 1y, viduals{u.”, v{”}. Letk — 0 wherek is the generation
(+C) _ (k) (k) counter.
o = (e, 2) RecombinationSimilar to the first hybrid algorithm, re-
where0 < 5, < 1,0 < 5, < 1. Both#, ands, can combination is based on weighted averaging
be deterministic or gtqchastic. In the more gene_ral case (k+C) _ g ) )
of more than two individuals, the recombination given in { “n (1 =)y, + vy, (14)
Section Il is used. vff*c) =(1- m)v,(bk) + m.uék)
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where0 < 7, < 1 and0 < 7, < 1. Both can be chosen Rewrite it in the matrix form

deterministicallyor_stochgstically. o (M) (O (*)
3) Mutation: Mutation is applied to recombined individuals, < h ): <[wu 0 )( L ) <9“ )

and is equivalent to one iteration in the SOR method U;f“‘” U U}E’“JFC) g
{ WM = £, T 4o, 5 According to selection
' s 15
vl(bk-i—J\l) _ 'CquI(LHC) + g :

[t

4) Selection and Reproductiofhe mutated offspring re- pf D) = (R,
place the parents. This is similar to generational evolu-

tionary algorithms. That is Consider recombination, mutation, and selection together, we

have
(k1) _  (k+M)
u =1Uu k—+1
{ éLk+1) (};c+M) (16) e+ _[Fe. O (= ma)] Ml
vy, =y, . P FFD 0 L., d (1 —m){
1B
5) Halt: If the error of the best individual in the population ul® g
is smaller than the given errep, then terminate the al- o ) |-
vh Guv

gorithm; otherwise, go to step 2).

It is worth noting that the second hybrid algorithm does notet
adapt relaxation factors dynamically. The relaxation factors are (k41) (k+1) .
fixed after initialization. This is mainly because the optimal re- okt — [ Cu A
laxation factor is problem dependent, and the two individuals in <C,(Uk+1) ) <U§k+1) ot ) )
the second hybrid algorithm are approximate solutions to dif- '
ferent systems. It is not reasonable to mix two relaxation factofée have
together, aswas done in Secuqn “3 §|th0ugh.lt is useful to adapt Gy [ Lur O (1 -l nul )
the relaxation factor within an individual. It is shown later in ¢ = 0 L. ol (1 — )] e
this section that the second hybrid algorithm can outperform the ’
classical method, even without adaptation of relaxation factors.Since0 < 7., 7, < 1, we have

The following theorem establishes the convergence of the
second hybrid algorithm. H (1 =)l Ml H < 1.

Theorem 4:If there exists ar (0 < e < 1) such that ol (L =n)I|

Becausé|L,,, ||cc < € and||L,, |l < €, We get

[Leilloo <& and |ILe, [lo <€

then C(k"'l)H <e e(k)H .
t
lim (u§j“>, vﬁf“)) = (up*, vp*)* In other words, the sequenddlc®**V|;k = 0,1,---} is
koo strictly monotonic decreasing, and is convergent. ]
where(u}*, vi*)! are solutions to the following equations: If 7, = 1andn, =1, (17) becomes
LoV = d (=)D [ £1g, Ll-1 0 u L3 9u
< . )( f*) :< . ) (17) 0 Lot -1)\v) =\ gt
(1 - nb)I ’C:} - 77'1;-[ Vh [':}gu “u w, Jv

where(w**, v**) is the solution to (12) and (13), respectively.

Proof: Let the two individuals at timé beuﬁL ) andvg ), If 1, # 1 andy, # 1, the relationship between*, +*)* and

According to recombination (w*, vt is
(k+C) _ 4 _ (k) (k)
{ﬁ;@_“ WW%+W%) W\ (LSt = A=)
Y, =1 —n)u,” +new, . Ch (1 —m)I ,C;UI —d
Rewrite it in the matrix form . </3Zu1 -1 0 ) <u*)
k+C 0 Lor—1)\7"
U/;L ) o (1 — 77“,)1 77“,1 U/;L )
(k+C) | ol (1 —n,)I (k) i.e., (u**, v**)t is a linear combination ofu*, v*)*, whereu*
Uh ’ ’ Uh H H * 1 H /
is the solution to tad;,u;, = f;, andv* is the solution tad;, v, =
wherel is an x n unit matrix. 1.

According to mutation

LR o (C) + (k) ) i )
h wu Gu Numerical experiments have been carried out on a number
U§L’“+M ) — z:%vg“@ 1 g, of test problems in order to evaluate the strength and weakness

B. Numerical Experiments
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(+€) g o)

of proposed hybrid algorithms. The first problem is to solve the 3) Mutatew; using one SOR iteration as

following partial differential equations: descnbed by (20): for i=1---,n-1
LMY ( (k+C) (k+C) (k+C) (k+C)
= Wy 7, +u z i—1 tu U; +u 1—
Ay = —100(z%4y?) sin(10zy) i A o s (Jk+C) b
= f(z, ), (. 4)€(0, 1)x (0, 1) R fi ;) A+ (1= wuulls
u(0, y) =0, yelo, 1] )
4 +M k+C k+C k+C k+C
U’(la y) = Sln(loy)a Y S [Oa 1] Uz(j ) = Wy ( Z(j+1) + Z(j 1) + z(—l—l j) + z( 1 J)
u(xv 0) = 07 S [07 1] _h2 FE 4 _ UH—C)
u(x, 1) = sin(10x), x €0, 1] fz’])/ (L wo)u
(18) (21)
whereQ = (0,1) x (0, 1) and f(z,y) = —100(z? + 4) Adapt relaxation factors as follows.
y?) sin(10zy). The exact solution to the problem is a) If the fitness ofu(’”’M) is higher than that of
w(x, y) = sin(10zy). o M) than
1) Results of the First Hybrid AlgorithmtJsing the five- Yij
point difference method, we can obtain a discrete system for )
(18) B +pu(2 —wy), ifwy, >w,
v Wy +pu(0 - w'u)a if Wy < Wy
((wig1,j — 2w, j +wii1, j)/h? andw! = w, + (0.5 + p,) * (w, — w,), Where
(i, g1 — 2w+ s, j—1) /B2 pu € (0.008, 0.012) andp, € (—0.01, 0.01) are
= fi,i» hj=1---,n-1 random numbers.
’ . ) (k+M) - :
ug,; = 0, j=0,--,n b) If the fitness ofv;; is higher than that of
U,; = Sln(l()yh), 7 = 07 e, N UE?—FA{), then
u; 0 = 0, 1=0,-,n
[ ui,1 = sin(10ih), i=0,---,n L (oA pe2—w), (fw > wa
(19) o T w4 pu(0—w),  ifw, < w,

where the mesh = 0.01, n = 1/h andf; ; = —100((ih)? +
(7h)?) sin(10ihjh).
The above discrete system can be solved by the SOR method

andw!, = w, + (0.5 4+ p,) * (W, — wy,), Where
py € (—0.01, 0.01) andp, € (0.008, 0.012) are
random numbers.

as follows: fori, j =1, ---,n—1
5) Replace the old generation with mutated offspring, i.e.,
WD 20400 g (40 B0 gy,
LD (k) (%) (%) (%) 2, 6) If the error||¢|| of the best individual is smaller than the
iy =W ( LT o ST s AT ek T B L £ J) given erroreg, terminate the algorithm; otherwise, go to
/4 +( (k) (20) step 2). Here, we define

wherew(0 < w < 2) is the relaxation factor. llell = min{[[e.][, [lev[[}
The first hybrid algorithm was implemented in our experi- llew]| = max{|u;, ; — u(ih, jh);4, 7 =1, n—1}

ment as follows. llew|l = max{|v;, ; — v(ih, jh)|;i, j =1, n—1}.

1) Initialize the population with two individuarsg?g =0.0
and U(o}) 0.0. Let £ « 0. Two different relaxation  Table V summarizes the numerical results produced by the

factors should be used for tWO IndIVId)uaIS SOR method and those by the first hybrid algorithm. The hy-

2) Recombine two mdmdual& andv as follows. brid algorithm was initialized with the same relaxation factors as
a) If the fitness ofu(") is hlgher than that Olf’fk,), then thosg used t_)y the SOR methqd. !t_ls clear from Table V that the
hybrid algorithm performed significantly better than the SOR

method. The hybrid algorithm was able to find a better approx-
imate solution after 300 iterations than that could be found by
the SOR method after 1000 iterations. Furthermore, different re-
laxation factors had a crucial impact on the performance of the
b) If the fitness Ofui(k} is higher than that 0&5’“})’ then SOR method. The SOR method_ with relagation factor 1.25 per-
N N formed much worse than that with relaxation factor 1.75. How-
ever, the hybrid algorithm is much more robust against changes
*) in initial relaxation factors. This reduces the burden on the user
g ) . to find/guess a near-optimal relaxation factor.

7J 7J ’ 7J

WO —u®, W 05 (1) o).

GO ) (R C) g (R)
Uij Vi W =0.5 (u”
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TABLE V TABLE VI
ERRORSPRODUCED BY THE CLASSICAL SOR METHOD AND BY THE NUMBER OF ITERATIONS NEEDED BY THE SOR METHOD AND THAT NEEDED
FIRST HYBRID ALGORITHM BY THE FIRST HYBRID ALGORITHM TO SOLVE THE FIVE PROBLEMS

TO THE GIVEN PRECISENESS¢q = 107%)

Iteration | SOR with SOR with Hybrid algorithm with

w=125 w=1.75 initial w = 1.25 and 1.75 Problem | SOR with | SOR with | Hybrid algorithm with
100 | 7.74876e-01 | 3.39587e-01 | 7.74876e-01  3.39587e-01 w=125 | w=175 | initial v =1.25 and 1.75
200 | 5.96559e-01 | 1.08033¢-01 | 4.79187e-02 4.78746e-02 P1 > 1000 990 | 270 270
300 | 4.59065¢-01 | 4.52751e-02 | 6.42171e-04 6.41561e-04 P2 >1000 | >1000 | 390 390
400 | 3.55212¢-01 | 2.15914e-02 | 4.63378¢-04 4.63317c-04 P3 >1000 | >1000 | 380 380
500 | 2.77599¢-01 | 1.05872¢-02 | 4.86865¢-04 4.86853e-04 P4 > 1000 380 | 160 160
600 2.19625e-01 | 5.21141e-03 | 4.91363e-04 4.91360e-04 P5 > 1000 980 260 260

700 1.76055e-01 | 2.57598e-03 | 4.93147e-04 4.93145e-04
800 1.42990e-01 | 1.40235e-03 | 4.93906e-04 4.93906e-04
900 1.17434e-01 | 9.25236e-04 | 4.93586e-04 4.93586e-04

The second discretization of partial differential equation (18)

used the nine-point difference method. The second discrete
1000 | 9.73326e-02 | 7.10448¢-04 | 4.94353¢-04  4.94353e-04 system obtained was as follows:

((—wit2,; + 16uit1,; — 30u; ;
+16w;—1, j — ui—2, j)/h*

+ (=4, j—2 + 16u; j41 — 30u;
+ 1611,1‘7]'_1 — U/i7j_2)/h/2

To further evaluate the proposed hybrid algorithm, the fol
lowing five more problems (problent®l—P5) were tested using
both the SOR method and the hybrid algorithm:

:fi,j7 i,j22,"',71—2
U’O,j:()a j:()a"'an
PL wu(z, y) =2y, uy ; = sin(105h), j=0-,n
flz,y)=0 u; 0 =0, i=0,-,n
P2 wu(z, y) = 22%y + cos(z), \ ;1 = sin(10¢h), i=0,---,n
fz, y) = 122y — cos(z) 2
2 3 2
P2 ulw,y) =ay” +ay” +a7, where the mesh = 0.01, » = 1/h andf; ; = —100((ih)? +
Flz, y) =2+ 2z +6zy (jh)?) sin(10ihjh).
P4 u(z,y) =2* -y, In the above system, the values{of ;. v,_1_j, Vi, 1, Vi, n—1
flz,y)=0 i, 7=1,---, n— 1} were not given. We used the values from
PS u(z, y) = zsin(y) + ysin(z), the five-point difference method instead.
) ) The second discrete system could be solved by the SOR
J(a, y) = —wsin(y) — ysin(z) method using the following iteration: for j = 2, ---, n — 2

b =w (166, + 160, + 160l

whereu(z, i) gives the exact solution, anf{x, ) gives the

right-hand function of (18). All five problems are required to be +16u R R
L . _4 . 1—1,7 1, j+2 1,7—2 1+2,7

solved within the given errar = 10~*. The maximum number ‘ ‘

of iterations allowed for each algorithm is 1000. Ui 2 4 fi i + W)U, 5

Table VI shows the number of iterations needed for each al-
gorithm to find an approximate solution with an error less th"Wherew(O < w < 2) is the relaxation factor

— 104 i ; :
¢ =10 =.The errorwas checked every ten |f[erat|ons. From theThe implementation details of the second hybrid algorithm
table, the hybrid algorithm performed consistently better tha(ﬂe as follows

the SOR method. It could find an approximate solution within

1) Initialize the population with two individuals:®) = 0.0

the given error in less than one-third of the time needed by the ) o i J )
SOR method for four problems and in less than half the time for andv; ; = 0.0foré, 5 = 1,---,n — 1, wherew;
the other. andvf?} are approximate solutions to the first and second

2) Results of the Second Hybrid Algorithrithe second hy- discrete systems, respectively. lket— 0.
brid algorithm made use of different discretizations of the partial 2) Recombineug’“} andvﬁ’“} to generate two individuals as
differential equation (18). The first discretization was the same  follows: 7 7
as that used previously for the first hybrid algorithm. The dis-
crete system as given by (19) was obtained using the five-pointrc)
difference method. The discrete system could be solved by thé-7  — #J 37

SOR method using iteration 20. vf,,;rc) =(1- m)vi’“} + mu7(k37 GhJ=2,-,n—2

(1= n)u®) + o)
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and TABLE VII
ERRORSPRODUCED BY THE SOR MEHTOD AND THE SECOND HYBRID
ALGORITHM; RESULTSHAVE BEEN AVERAGED OVER TEN INDEPENDENTRUNS

vi(ﬁ-"c):ugﬁ), t1=1--,n-1

(ht-C) ) Iteration | SOR with SOR with Hybrid algorithm with
v, =

i,n—1 T Yi,n—1° w=1.25 w=1.75 w=1.75 and 1.75
JEEO) 8
1,5 — Y1, 4 J=4 ’ 100 7.74876e-01 | 3.39587e-01 | 4.24024e-01  4.30060e-01
k+C k .
rUT(Lfl“]? = “517)1,3" j= ]_’ e, n = 1. 200 5.96559e-01 | 1.08033e-01 | 1.64685e-01 1.66863e-01

300 4.59065e-01 | 4.52751e-02 | 7.54606e-02 7.62545e-02
400 3.55212e-01 | 2.15914e-02 | 3.98919e-02 4.02557e-02

3) Mutateugkfr < andvi(k,*c) with one SOR iteration using

(20) and (23), respectively 500 | 2.77599e-01 | 1.05872-02 | 2.22857e-02 2.24808e-02
600 | 2.19625e-01 | 5.21141e-03 | 1.26483e-02 1.27590e-02
(k+M) _ k+C) | (k+C) | (k+C) | (k+C)
u;; —(wu+pu)(ui, PN T TR R R 700 | 1.76055¢-01 | 2.57598¢-03 | 7.21061e-03  7.27506e-03
k+C - -
_B2 fm) /4 +(1- wu)u; J+ )7 800 1.42990e-01 | 1.40235e-03 | 4.11729e-03  4.15583e-03
. 900 | 1.17434e-01 | 9.25236e-04 | 2.35180e-03 2.37549e-03
foré,j=1,---,n—1 (24) - : : -
1000 | 9.73326e-02 | 7.10448¢-04 | 1.34283¢-03  1.35805¢-03
wherep, € (—0.01, 0.01) is a random number, and 1100 | 8.12522¢-02 | 6.08813-04 | 7.65994c-04 7.76363¢-04
ket M b b b 1200 | 6.81884e-02 | 5.50487¢-04 | 4.36153¢-04 4.43753¢-04
oM = (w0, + py) (16v§ D 11607 + 16005
7 7 ’ 1300 | 5.74352e-02 | 5.35215e-04 | 2.47604e-04 2.53550e-04
E+C E+C k+C
+ 16”5_1, j) - Uz(,j+2) + Uz(, j—2) 1400 | 4.84904e-02 | 5.23154e-04 | 1.39782e-04 1.44779e-04
_ O ) g2y ) 1500 | 4.09909e-02 | 5.17161e-04 | 9.45556e-05 8.25767¢-05
1+2, 5 i—2,7 57
($4C) 1600 | 3.47030e-02 | 5.14227e-04 | 9.58485e-05 4.70044e-05
/60 + (1 —w )
fori, j=2,---,n—2 (25)

whereu(z, y) gives the exact solution, anf{«x, ¥) gives the
wherep,, € (—0.01, 0.01) is a random number. right-hand side function in (18). Table VIl compares the results
4) The mutated individuals replace the old individuals, i.eof the first and second hybrid algorithms.
ult D) = @M andy* D) = o+ Letk — k+1.  |tis interesting to note from Table VIl that the second hy-
5) Ifthe errorj|c|| (as defined in the first hybrid algorithm) is rig algorithm, which used two different discretization but no
less than the given valug, then terminate the algorithm; 5gaptation of the relaxation factor, performed consistently better
otherwise, go to step 2). than the first hybrid algorithm for all five problems, although the
Table VII gives the errors prod_uced by the SOR m_ethod akerent was not huge. This appeared to indicate that having a
the second hybrid algorithm. An interesting observation can Ber discretization and mixing it with a different discretization
made from this table. The second hybrid algorithm was ngg|ped to improve the performance of hybrid algorithms, even
able to converge as fast as the SOR method initially since finout self-adaptation of relaxation factors. The recombination
adaptation of relaxation factors was used. However, it kept iererator used in the hybrid algorithms was able to exchange
proving its approximation constantly until 1600 iterations, whilgsefy| information between different individuals and find better
the SOR method was unable to improve its approximation sigs| tions.

nificantly after 1100 iterations. The hybrid algorithm outper- Tap|e |X compares the error and the number of iterations used

formed the SOR method quickly after 1200 iterations. to find approximate solutions by the SOR and the second hybrid
Five more problems (problen®d—P5) were also used as testy|gorithm. The table shows that the second hybrid algorithm
problems for the second hybrid algorithm could find more accurate approximate solutions than the SOR

method using a slightly higher number of iterations.

PL  w(z, y) =2zy,
fz, y) =0
P2 wu(z, y) =z°—°, IV. FUTURE WORK AND CONCLUSIONS
Fz, y) =0 This paper has proposed three hybrid algorithms for solving
P3  w(z, y) = sin(10z) + cos(10y), linear and partial differential equations. The significance of this
f(z, y) =—100sin(102) — 100 cos(10y) work lies in the novel use of evolutionary computation tech-
P4 wu(z, y) = sin(10z) sin(10y), nigues in an area where they had seldomly been used. The hy-
. . brid algorithms integrate the classical SOR method with evolu-
f(z, ¥) =—200sin(102) sin(10y) . . . L )
tionary computation techniques. The recombination operator in
P& u(z, y) =xy + sin(10zy), the hybrid algorithms mixes two parents by a kind of averaging,
(z, )

=—100(z” + ¢°) sin(10zy) which is similar to the intermediate recombination often used
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TABLE VIII
ERRORSPRODUCED BY THE FIRST AND SECOND HYBRID ALGORITHMS
USING THE FIVE-POINT DIFFERENCEMETHOD

IEEE TRANSACTIONS ON EVOLUTIONARY COMPUTATION, VOL. 4, NO. 3, SEPTEMBER 2000

Problem | First Hybrid Algorithm | Second Hybrid Algorithm
w =1.25 and 1.75 w =175 and 1.75
P1 3.55271e-15 3.96378e-15 | 1.99840e-15 1.99840e-15
P2 1.55431e-15 1.66533e-15 | 8.88178e-16 9.99201e-16
P3 1.87232e-03 1.87232¢-03 | 6.94864e-04 5.83984e-04
P4 9.63844e-04 9.63806e-04 | 3.81461e-04 2.76922e-04
P5 4.81240e-04 4.81140e-04 | 1.87149¢-04 1.60460e-04
TABLE IX

ERRORS ANDNUMBER OF ITERATIONS NEEDED BY THE SOR MEHTOD
AND THE SECOND HYBRID ALGORITHM; NUMBER OF ITERATIONS IS
REPRESENTED BY THENUMBER IN THE BRACKETS

Problem SOR Second Hybrid Algorithm
w =175 w=1.75 and 1.75
P1 3.96378e-15 (5430) | 1.99840e-15 (6460) 1.99840e-15 (6460)
P2 1.66533e-15 (5170) | 8.88178e-16 (5850) 9.99201e-16 (5850)
P3 1.87232¢-03 (1080) | 6.94864e-04 (1130) 5.83984e-04 (1130)
P4 9.63806e-04 (970) | 3.81461e-04 (1070) 2.76922e-04 (1070)
P5 4.81140e-04 (2810) | 1.87149e-04 (3120) 1.60460e-04 (3120)

Because the SOR method is very sensitive to the relaxation
factor w, it is often necessary to guess an appropriate relax-
ation factor by trial and error. For example, we knew- 1.75
gave the SOR method the best performance for the problems
we considered here only after we had experimented with
1, 1.25, 1.5, 1.75. However, the hybrid algorithms presented in
this paper were much more robust and much less dependent on
the initial values ofv. There was no need for any preliminary
experiments to estimate the relaxation factor. Hence, in general,
the hybrid algorithms need much less time to use than the SOR
method. In addition, the population nature of the hybrid algo-
rithms makes parallelization of the algorithms very straightfor-
ward by running each individual on a processor.

Future work can be done to further improve the hybrid al-
gorithms proposed in this paper. First, self-adaptation of relax-
ation factors can be introduced into the second hybrid algo-
rithm for solving partial differential equations when different
discretizations are used. Second, the impact of an increased pop-
ulation size on the performance of hybrid algorithms should be
studied. Third, the impact of different recombination parameters
(e.g., matrixR, n,, andn,) should be investigated. Fourth, the
self-adaptation scheme for relaxation factors should be studied
further. Fifth, parallel hybrid algorithms should be investigated.
Lastly, the impact of multiple discretizations (more than two)
on the performance of hybrid algorithms should be studied.
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