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ABSTRACT

Keywords

Dot product is a key building block in a number of data
mining algorithms from classification, regression, correlation
clustering, to information retrieval and many others. When
data is high dimensional, the use of random projections may
serve as a universal dimensionality reduction method that
provides both low distortion guarantees and computational
savings. Yet, contrary to the optimal guarantees that are
known on the preservation of the Euclidean distance cf. the
Johnson-Lindenstrauss lemma, the existing guarantees on
the dot product under random projection are loose and incomplete in the current data mining and machine learning
literature. Some recent literature even suggested that the
dot product may not be preserved when the angle between
the original vectors is obtuse.
In this paper we provide improved bounds on the dot product under random projection that matches the optimal bounds
on the Euclidean distance. As a corollary, we elucidate the
impact of the angle between the original vectors on the relative distortion of the dot product under random projection, and we show that the obtuse vs. acute angles behave
symmetrically in the same way. In a further corollary we
make a link to sign random projection, where we generalise
earlier results. Numerical simulations confirm our theoretical results. Finally we give an application of our results
to bounding the generalisation error of compressive linear
classifiers under the margin loss.

Random projection; Dot Product Preservation; Margin Preservation; Compressive Classification

Categories and Subject Descriptors
H.2.8 [Database Management]: Database applications—
Data mining; I.5.1 [Pattern Recognition]: Models—Statistical

General Terms
Theory
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1.

INTRODUCTION

Random Projection (RP) is a simple and effective method
of universal dimensionality reduction that enjoys nice theoretical guarantees. It simply consists of pre-multiplying the
high dimensional data with a random matrix that has the
Johnson-Lindenstrauss (JL) property. Matrices with entries
drawn i.i.d. from a large class of distributions, i.e. the subgaussian distributions, are known to have the JL property.
Successful application areas of RP include signal processing
[17, 7], theoretical computer science [14, 25, 22, 29], machine learning [4, 13, 6, 19, 24], data and text mining [9,
28], data streaming [35], and optimisation of certain functions [8]. The use of RP in conjunction with these methods
gains computational efficiency for a small amount of loss in
performance. Other uses of RP include cancelable biometrics [5] and privacy preserving data mining [33].
The main theoretical justification of RP is the famous
Johnson-Lindenstrauss lemma (JLL) [23, 15], which guarantees that the projection of two points to a k-dimensional
random subspace preserves their Euclidean distance up to
a multiplicative distortion factor of 1 ± ǫ with probability
higher than 1 − exp(−kǫ2 /8). This result is known to be
optimal for linear dimensionality reduction [31, 3].
Many data mining and machine learning algorithms have
dot product as a key operation, for example regression and
classification methods (including the SVM), and RP has
been applied to these successfully in practice [9, 20, 39, 37,
34]. However, while it has been folklore that RP also preserves dot products and angles – since there is a close connection between the Euclidean distance and the dot product
– the existing probability bounds on the preservation of the
dot product under RP are considerably looser than those on
the preservation the Euclidean distance given by the JLL.
One technical reason for this is that the bounds on the dot
product are typically derived by combining multiple applications of the JLL for Euclidean distances via the Bonferroni
inequality (known also as the union bound) – yielding a constant factor larger than 1. It has not yet been investigated
whether the use of the union bound is necessary or not for
obtaining a JLL-type bound on the dot product under RP.
Beyond the above technical reason, in [32] the authors suggest a more fundamental reason why the dot product under
RP may be difficult to bound as tightly as the Euclidean
distance: More specifically, [32] point out that the ratio of

the standard deviation of the projected dot product and the
original dot product is unbounded.
Furthermore, a recent study [39] raised some controversy
as to whether the dot product would be preserved at all
for obtuse angles. The authors derive a new bound on the
dot product under random projection for the case when the
angle between the original vectors is acute. The proof technique used in that work only applies to acute angles and the
authors then suggest on the basis of numerical simulations
that obtuse angles are not preserved under random projection. Unfortunately this result is highly incomplete since a
particular choice of obtuse angle, as considered in the simulations, can be misleading. Indeed, as we shall see, the
suggestion that obtuse angles are not preserved under RP is
in fact false.
In this paper we obtain new improved bounds on the dot
product under RP that take the same form as the JLL
bounds for the Euclidean distance. We do this by eliminating the need to use the union bound. Instead we exploit
the convexity of the exponential function within a standard
Chernoff bounding argument. Our proof uses elementary
techniques and works from first principles.
We also give several corollaries of this result, which make
connections with previous works, including sign random projections, and we clear the confusion about the preservation of
obtuse angles. Our analysis sheds light onto the issue of how
the angle between the original vectors affects the relative distortion of the dot product, and reveals that the unboundedness of the coefficient of variation noted in [32] occurs
only for the dot product of RPs of perpendicular vectors.
This is also the only case in which we have no guarantees
on the preservation of the dot product under RP. We will
demonstrate numerical simulation results that confirm our
theoretical findings. Finally, as an example of application of
our results, we show how we can bound the generalisation
error of a compressive linear classifier under the margin loss.

1.1 Background and motivation
We briefly review definitions and existing results needed
in the paper.
Definition (subgaussian random variables). A 0-mean
random variable X is subgaussian with parameter σ 2 if ∃σ 2 >
0 such that ∀λ ∈ R,
˘
¯
E {exp(λX)} ≤ exp σ 2 λ2 /2

(1)

The moment generating function of X is dominated by the
moment generating function of a 0-mean, σ 2 variance Gaussian that. Also, it is easy to see (by Taylor expansion) that
a 0-mean subgaussian random variable has variance upper
bounded by σ 2 . Many useful properties of subgaussians may
be found in [11].
RP uses matrices with i.i.d. subgaussian entries to linearly
compress high dimensional data. The Johnson-Lindenstrauss
lemma (JLL) establishes the following guarantee for the Euclidean distance of randomly projected points. The proof of
this result may be found in [15, 1].
Theorem 1.1 (JLL [15, 1]). Let x, y ∈ Rd . Let R ∈ Mk×d ,
k < d, be a random projection matrix with entries drawn
i.i.d. from a 0-mean subgaussian distribution with parameter
σ 2 , and let Rx, Ry ∈ Rk be the images of x, y under R.

Then, ∀ǫ ∈ (0, 1):

«
„
kǫ2
(2)
Pr{kRx − Ryk2 < (1 − ǫ)kx − yk2 kσ 2 } < exp −
8
«
„
kǫ2
(3)
Pr{kRx − Ryk2 > (1 + ǫ)kx − yk2 kσ 2 } < exp −
8

As a side note, in practice we may take the variance of
the entries of R to be 1/k to keep the original lengths of the
vectors on average. While this would simplify the notations
throughout, since then kσ 2 = 1, we prefer not to commit to
this choice at this point for the sake of clarity, since other
choices for σ 2 are also in use in practice.
Bounding the dot product under RP is typically treated
simply as a corollary of JLL, as follows (see e.g. [4] Corollary
2, [8] Lemma 3.2 , [30] Corollary 1, etc). Rewrite:
´
1`
kR(x + y)k2 − kR(x − y)k2
(Rx)T Ry =
4
Now, applying the JLL on both terms separately and applying the union bound yields:
«
„
kǫ2
T
T
2
2
Pr{(Rx) Ry < x ykσ − ǫkσ · kxk · kyk} < 2 exp −
8
„
«
kǫ2
Pr{(Rx)T Ry > xT ykσ 2 + ǫkσ 2 · kxk · kyk} < 2 exp −
8
where the factors of 2 are brought in by the use of the union
bound. When we need both tails to be bounded we will of
course get a factor of 4 in front of the exponential:
Pr{kσ 2 (xT y − ǫ · kxk · kyk) ≤ (Rx)T Ry ≤ kσ 2 (xT y + ǫ · kxk · kyk)}
«
„
kǫ2
≥ 1 − 4 exp −
8

A variation on the same idea that is also in use (see e.g. in
[16]), is to decompose the dot product differently:
´
1`
(Rx)T Ry =
kR(x − y)k2 − kRxk2 − kRyk2
2
Then three separate applications of the JLL combined by
the union bound yield the constants 3 and 6 for the one-tail
and 2-tail bounds respectively.
Although for certain types of analyses the constants are
not important and need not be optimal, knowing the optimal constant does matter in practice since a smaller constant implies a better guarantee than a larger one. From
both theoretical and practical standpoints it is unpleasing
to have weaker guarantees for the dot product under RP
than we have for its induced distance – moreover since many
core machine learning and data mining algorithms, such as
classification and regression, rely on dot product operations,
and this issue was indeed raised in [32, 35, 40].
In the light of this, and since the recent controversy about
the preservation of obtuse vs. acute angles raised in [39], we
give a different proof for the preservation of the dot product
under RP in the next section, which eliminates the suboptimal constant factors.

2.

IMPROVED BOUNDS ON THE DOT PRODUCT OF RANDOMLY PROJECTED POINTS

Here we give a new and elementary proof to bound the
tails of the probability of deviation between the dot product
of RP-ed vectors and the dot product of the original vectors. Our resulting bounds match the JLL bounds, which

are known to be optimal for the Euclidean distance of RP-ed
vectors.

Using that exp(·) is a convex function, the above is upperbounded by Jensen inequality:


»

λ

–ﬀ

αE exp − (kR(x + y)k2 − (1 − ǫ)kx + yk2 kσ 2 )
Theorem 2.1 (Dot Product under Random Projection).
α
d
Let x, y ∈ R . Let R ∈ Mk×d , k < d, be a random pro
»
–ﬀ
λ
jection matrix having i.i.d. 0-mean subgaussian entries with
+(1 − α)E exp
(kR(x − y)k2 − (1 + ǫ)kx − yk2 kσ 2 )
(10)
1−α
parameter σ 2 , and let Rx, Ry ∈ Rk be the images of x, y
under R. Then, ∀ǫ ∈ (0, 1):
where we also used the linearity of the expectation operator.
«
„
Now, since this upper bound holds for any λ > 0, we
2
kǫ
(4) are free to choose its value to tighten the bound. In fact,
Pr{(Rx)T Ry < xT ykσ 2 − ǫkσ 2 · kxk · kyk} < exp −
8
observe that we are also free to chose α ∈ (0, 1), which comes
„
«
in handy. Denote
kǫ2
T
T
2
2
Pr{(Rx) Ry > x ykσ + ǫkσ · kxk · kyk} < exp −
(5)
8
λ
λ
λ2 :=
(11)
λ1 := ;
α
1−α
Proof. We prove the statement in eq. (4). Eq. (5) may
We may now conveniently optimise eq. (10) in λ1 and λ2
be proved in much the same way.
y
x
individually, and choose the following to approximately min, y ← kyk
,
Without loss of generality we replace x ← kxk
imise the expression in eq. (10):
and rewrite:
λ1 λ2
λ=
(12)
Pr{(Rx)T Ry < xT ykσ 2 − ǫkσ 2 } = ...
λ
1 + λ2
T
T
2
2
Pr{−(Rx) Ry > −x ykσ + ǫkσ } ≤
This choice ensures that α is in the correct interval: Indeed,
λ2
1
λ
Pr{−xT RT Ry > −xT ykσ 2 + ǫkσ 2 (kx + yk2 + kx − yk2 )} from the definition of λ1 we have α = λ1 = λ1 +λ2 ∈ (0, 1)
4
as required.
Thus, in eq. (10) the probability of our interest is now
The last line holds because 14 (kx+yk2 +kx−yk2 ) = 14 (2kxk2 +
bounded by a convex combination of two subexponential
2
2kyk ) = 1 since kxk = kyk = 1.
moment generating functions. Notice these have the same
Now, we rewrite the dot products using the parallelogram
form as those that appear in the proof of the Johnsonlaw as follows:
Lindenstrauss lemma, and may be computed as follows. By
1`
Lemma 1.6. in [11], if X is subgaussian with parameter
T T
2
2´
√
x R Ry =
kR(x + y)k − kR(x − y)k
σ 2 then1 for any t ∈ [0, 1), E[exp(tX 2 /(2σ 2 )] ≤ 1/ 1 − t.
4
´
Applying this to both terms in eq. (10), and noting that
1`
xT y =
kx + yk2 − kx − yk2
R(x + y) is subgaussian with parameter σ 2 kx + yk2 , and
4
R(x − y) is subgaussian with parameter σ 2 kx − yk2 , (so
Replacing and dividing through both sides by 1/4, the
t := −2λ1 σ 2 kx + yk2 in the first expectation and t :=
probability of our interest is:
2λ2 σ 2 kx − yk2 in the second one), we have that eq. (10)
is upper-bounded by the following:
Pr{−kR(x + y)k2 + kR(x − y)k2 > ...
´−k/2
`
2
2
2
2
2
2
2
2
−kx + yk kσ + kx − yk kσ + ǫkσ kx + yk + ǫkσ kx − yk }
α 1 + 2λ1 σ 2 kx + yk2
exp[λ1 (1 − ǫ)kσ 2 kx + yk2 ] + ...
´−k/2
`
(1 − α) 1 − 2λ2 σ 2 kx − yk2
exp[−λ2 (1 + ǫ)kσ 2 kx − yk2 ] (13)
Re-grouping, we get:

Pr{−kR(x + y)k2 + (1 − ǫ)kx + yk2 kσ 2
+kR(x − y)k2 − (1 + ǫ)kx − yk2 kσ 2 > 0}

(6)

Now, using ideas from the Chernoff bounding technique, we
employ the Laplace transform of both sides, so ∀λ > 0 the
probability in eq. (6) equals:
Pr{exp[−λ(kR(x + y)k2 − (1 − ǫ)kx + yk2 kσ 2 )
+λ(kR(x − y)k2 − (1 + ǫ)kx − yk2 kσ 2 )] > 1} (7)
By Markov inequality this is upper bounded by:
E{exp[−λ(kR(x + y)k2 − (1 − ǫ)kx + yk2 kσ 2 )
+λ(kR(x − y)k2 − (1 + ǫ)kx − yk2 kσ 2 )]}

(8)

provided that λ1 and λ2 are such that λ1 σ 2 kx + yk2 > − 12
and λ2 σ 2 kx − yk2 < 12 .
Computing derivatives w.r.t. λ1 and λ2 , equalling them
to zero and solving these stationary equations yields the
following optimal values after some algebra:
ǫ
λ1 =
(14)
(1 − ǫ)2σ 2 kx + yk2
ǫ
(15)
λ2 =
(1 + ǫ)2σ 2 kx − yk2

and it is easy to verify that they both satisfy the conditions
required above.
Plugging back into eq. (13) we get after some algebra:
„ «
„
«
kǫ
kǫ
α(1 − ǫ)k/2 exp
+ (1 − α)(1 + ǫ)k/2 exp −
= ...
2
2
«
„
«
„
k
kǫ
k
kǫ
+ log(1 − ǫ) + (1 − α) exp − + log(1 + ǫ)
α exp
2
2
2
2

Next, we introduce a new parameter: For any choice of
α ∈ (0, 1), the expectation in eq. (8) equals the following:

» „
«
λ
1
E exp α − (kR(x + y)k2 − (1 − ǫ)kx + yk2 kσ 2 )
This
eq.(1): Multiply both sides of eq.(1) by
√ follows from
α
2 2
σ/
2πt
exp(−λ
σ
/(2t))
when t 6= 0 (and when t = 0 the
–ﬀ
λ
stated
inequality
holds
with
equality trivially), then inte2
2
2
+(1 − α)
(kR(x − y)k − (1 + ǫ)kx − yk kσ )
(9)
grate both sides w.r.t. λ ∈ R.
1−α

We use the following inequalities, which are easy to verify:
2

log(1 + ǫ) ≤

ǫ − ǫ /4

log(1 − ǫ) ≤

−ǫ −

2

(16)
2

ǫ
ǫ
< −ǫ −
2
4

(17)

E.g. to see eq. (16), define f (ǫ) = log(1 + ǫ) − ǫ + ǫ2 /4 and
ǫ(ǫ−1)
note that f (0) = 0 and f ′ (ǫ) = 4(1+ǫ)
< 0, ∀ǫ ∈ (0, 1).
Replacing, we get the claimed result:
«
„
«
„
«
„
kǫ2
kǫ2
kǫ2
+ (1 − α) exp −
= exp −
¤
α exp −
8
8
8
An advantage of the above proof over previous ones is that it
allowed us to reduce the constant in front of the exponential
to 1, which now matches the JLL bounds for the Euclidean
distance. We should point out that reducing this constant to
1 was previously achieved only for the special case of Gaussian RP matrices [40]. Their proof technique relies on the
rotational invariance property of the Gaussian distribution,
and hence it cannot be directly generalised to subgaussian
RPs. Our result holds for subgaussian RPs, which represent
a larger class that subsumes the Gaussian. Some examples
particularly designed for computational efficiency may be
found in [1].

3. COROLLARIES, DISCUSSION, AND LINKS
WITH PREVIOUS RESULTS
The following immediate corollaries may be useful in applications. These will also serve us to make further comparisons and links to several previous results.
Corollary 3.1 (Relative distortion bounds). Denote by θ
the angle between the vectors x, y ∈ Rd . Then we have the
following:
1. Relative distortion bound: Assume xT y 6= 0. Then,

 T T
ﬀ
„
«
x R Ry
k
2
2
2
Pr |
−
kσ
|
>
ǫ
<
2
exp
−
ǫ
cos
(θ)
(18)
xT y
8(kσ 2 )2

2. Multiplicative form of relative distortion bound:
„
«
k
Pr{xT RT Ry < xT y(1 − ǫ)kσ 2 } < exp − ǫ2 cos2 (θ)
(19)
8
«
„
k
(20)
Pr{xT RT Ry > xT y(1 + ǫ)kσ 2 } < exp − ǫ2 cos2 (θ)
8

Proof.
1. Assuming xT y 6= 0 we divide both sides in eqs (4)-(5)
1
by xT y, and note that kxk·kyk
= cos(θ)
. We get:
xT y
ﬀ
„
«
kǫ2
ǫkσ 2
xT RT Ry
2
<
exp
−
<
kσ
−
xT y
cos(θ)
8
 T T
ﬀ
„
«
x R Ry
ǫkσ 2
kǫ2
2
Pr
>
kσ
+
<
exp
−
xT y
cos(θ)
8

Pr



(21)
(22)

Putting ǫkσ 2 / cos(θ) := η and solving for ǫ gives ǫ =
η cos(θ)/kσ 2 . Replacing and renaming η to ǫ completes
the proof by employing the union bound to join the
upper and lower tail bounds.
2. The multiplicative form follows from eqs (21)-(22) by
putting ǫ/ cos(θ) := η and solving for ǫ to get ǫ =
η cos(θ). Replacing and renaming η to ǫ yields the
stated eqs. (19)-(20). ¤

Corollary 3.1 tells us how the guarantees for the relative distortion of the dot product under RP depend on the angle
between the original vectors: As we can see, there is no guarantee when the two vectors are orthogonal on each other, but
for all other angles the chance of getting a relative distortion
larger than a fixed tolerance ǫ decreases exponentially with
cos2 (θ) and with k.
Observe that our low distortion guarantee is symmetric
around orthogonal angles – that is, contrary to the suggestion / conjecture in [39], we have symmetrically the same
guarantees on the obtuse angles as we do on the acute angles. Section 4 will verify the validity of this result against
empirical evidence.
It is also interesting to relate this result to the arguments
and findings in [32]. In [32] the authors conjecture that it
is more difficult to derive practically useful tail bounds for
xT RT Ry than it is for kRx−Ryk2 . Their argument is essentially that in the case of xT RT Ry the coefficient of variation
is unbounded. In particular, [32] computed the following for
the case when the entries of R are i.i.d. Gaussian with mean
0 and variance 1/k:
r
p
Var(xT RT Ry)
2
≥
(unbounded)
(23)
xT y
k
We are interested to see what makes the above coefficient
of variation unbounded. The variance is:
r
1
T T
Var(x R Ry) =
(kxk2 kyk2 + (xT y)2 )
(24)
k
So, the coefficient of variation equals the following:
s „
p
«
Var(xT RT Ry)
1
1
=
1
+
xT y
k
cos2 (θ)

(25)

We can see again, in perfect agreement with our result in
Corollary 3.1, that an unbounded coefficient of variation occurs only when x and y are perpendicular. Furthermore, the
coefficient of variation is symmetric around the angles π/2
and 3π/2, and decreases as we move further away from these
angles. Our results in Corollary 3.1 capture this behaviour
while providing tail bounds rather than just a variance.
The next corollary highlights further facets of our result.
Corollary 3.2 (Margin type bounds and sign projection).
Denote by θ the angle between the vectors x, y ∈ Rd . Then
we have the following:
1. Margin bound: Assume xT y 6= 0. Then,

• for all ρ that satisfy ρ < xT ykσ 2 and ρ > (cos(θ)−
1)kxk · kykkσ 2 ,
„
«2 !
ρ
k
T T
cos(θ) −
Pr{x R Ry < ρ} < exp −
(26)
8
kxk · kykkσ 2
• for all ρ that satisfy ρ > xT ykσ 2 and ρ < (cos(θ)+
1)kxk · kykkσ 2 ,
„
«2 !
ρ
k
(27)
−
cos(θ)
Pr{xT RT Ry > ρ} < exp −
8 kxk · kykkσ 2
2. Dot product under sign random projection: Assume
xT y 6= 0. Then,
ﬀ
„
«
 T T
k
x R Ry
2
<
0
<
exp
−
cos
(θ)
(28)
Pr
xT y
8

Proof.
1. In eq. (4) require that xT ykσ 2 − ǫ · kxk · kykkσ 2 = ρ
T

2

)
= cos(θ)−
and solve for ǫ. This yields ǫ = x y−ρ/(kσ
kxk·kyk
ρ
.
Since
ǫ
must
be
in
(0,
1)
we
need
to require
kx|·kykkσ 2

that ρ < xT ykσ 2 and ρ > (cos(θ) − 1)kxk · kykkσ 2 .
This proves eq. (26).

exploit the idea that, if x is closer to the query point than y
in the data space, then there is greater chance than random
guessing that this is also the case following projection onto
a random line. The mentioned works used the special case
k = 1, but one may choose a larger k to control this chance
as desired. More applications of both RP and sign-RP are
described in [26].

− cos(θ). Again, we need ǫ ∈
T

2

(0, 1), which is ensured by the conditions ρ > x ykσ
and ρ < (cos(θ) + 1)kxk · kykkσ 2 . This completes the
proof of eq. (27).

2. The sign projection bounds follow as a special case of
the margin bounds by taking ρ = 0 and considering
two cases depending on the sign of cos(θ). If cos(θ) >
0, it is easy to see that the conditions on eq. (26) are
satisfied and we get:
„
«
k
T T
2
Pr{x R Ry < 0} < exp − cos (θ)
(29)
8
If cos(θ) < 0, then we have the conditions on eq. (27),
which yields:
«
„
k
(30)
Pr{xT RT Ry > 0} < exp − cos2 (θ)
8
Combining the two cases gives eq. (28). ¤
The form of the bound given in eq. (26) is useful e.g. in
learning theory, taking ρ > 0, to bound the margin loss of
compressive classifiers. We will develop this application in
Section 5. It also serves as an intermediate step to the bound
on the dot product under sign random projection, eq. (28).
This bound generalises previous results on sign projection
as discussed below.
The analysis of the dot product under sign projection was
considered in [32], [21], and [10] for the special case when
R has Gaussian entries and k = 1, and for this special case
the exact probability of sign change is available. This was
initially derived to solve a semidefinite programming problem [21] but has found use is a wide range of applications
including machine learning [10], certain classes of hash functions [12], sign random projections for storage-efficient data
sketches and recovery of angles between high dimensional
points [32]. In [19] the sign flipping probability was computed for any k ≥ 1, while the RP matrix R is still restricted
to Gaussian. These results use the rotation invariance property of the Gaussian distribution and hence they are not
directly generalisable to the subgaussian case.
In turn, our eq. (28) holds for R with any i.i.d. subgaussian entries. Also interesting to notice that, despite derived
in a very different way, our probability bound has the same
exponential form as the bound in the case of Gaussian R
obtained in [19], with the only difference that we now have
a slightly worse constant inside the exponential, i.e. 8 instead of 2 – this is a small price to pay for allowing the more
general class of subgaussian RPs.
Applications of sign RP, and in particular in conjunction
with dot products arose in learning theory for bounding the
0-1 loss of compressive classifiers [19]. Other uses include
similarity search methods in high dimensions [29], and data
classification with a better-than-chance guarantee [6]. These
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Likewise, put xT ykσ 2 + ǫkσ 2 = ρ in eq. (5) to get ǫ =

100

150

200

250

Target dimension k
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Figure 1: Empirical rejection probabilities of dot product
preservation, i.e. the probability that the relative distortion
of the dot product after RP falls outside the allowed error
tolerance. The target dimension varies from 1 to the original
dimension d = 300. (a) acute angles, (b) obtuse angles,
(c) acute angles, (d) obtuse angles We see that the acute
vs. obtuse nature of the angle is not the reason for the
observed differences in the extent to which the dot product
is preserved under RP. Note that the acute - obtuse pairs
of angles that are equally distanced on the two sides of π/2
– such as (a)&(c) and (b)&(d) – have identical preservation
profile.

4.

NUMERICAL VALIDATION

In this section we empirically validate our theoretical results, and elucidate the issues around the preservation of
obtuse angles in previous work. Specifically, our analysis
predicted that the relative distortion of the dot product under RP depends on the cosine of the angle between the original vectors in a way that is symmetric about orthogonal
angles, i.e. angles whose cosine is zero. So we expect to
see the same behaviour for both acute and obtuse angles as
long as the angle has the same distance from π/2, on either
side of π/2. This is in contrast with the claim in [39] that
acute angles would be preserved while obtuse angles would
be not. We therefore start by replicating the experiments in
[39] and demonstrating why the particular cases tested have
been misleading.
We generate two vectors x ∈ Rd and y ∈ Rd of d = 300,
at a specified angle θ between them, and generate 2000 in-

300

As before, all empirical probabilities are estimated from 2000
independent draws of the RP matrix R. In all of these plots,
a darker grey level indicates higher probability.
The second column of plots in Figure 2 show the corresponding theoretical bounds on these probabilities, for comparative visual inspection. For sign projection we used our
generic bound for subgaussian RP from Corollary 3.2, and
did not take advantage of the tighter special case for Gaussian R. In all cases it is most apparent that the true behaviour of these probabilities is well captured by the theoretical bounds. For instance, according to our theoretical
analysis, the sign flipping should exhibit the same sort of
dependence on the angle θ as the relative distortion of dot
products under regular RP do. The angles θ = π/2 and
θ = 3π/2 are the ones where cos(θ) = 0 so these are the an-
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We repeated this for the two acute angles cos(θ) ∈ {0.827, 0.527}
and the two obtuse angles cos(θ) ∈ {−0.062, −0.0165} used
in [39] in the first instance. These results are shown in Figure 1 (a)-(b) and these are indeed in agreement with the
corresponding figures in [39].
However, note that the particular acute angles tested above
have a much larger absolute difference from π/2 than the
particular obtuse angles tested. In fact, the latter are quite
close to π/2. This is what misled the authors to the false
conclusion that obtuse angles would not be preserved. To see
this, we now choose the symmetrical of these angles: Two
obtuse ones (cos(θ) ∈ {−0.827, −0.527}) and two acute ones
(cos(θ) ∈ {0.062, 0.0165}). These results are given in Figure 1 (c)-(d). As expected, these new results with the new
choices of angles suggest the exactly opposite conclusion.
This is because now the chosen acute angles happen to be
quite close to π/2 while the two chosen obtuse ones are much
farther from π/2. In fact – as predicted by our theoretical
analysis – it is most apparent from comparing the plots (a)
vs. (d) in Figure 1, that this matching pair of acute and
obtuse angles (i.e. that lie at equal absolute distance from
π/2) do indeed exhibit the same behaviour. Likewise, the
plots (b) vs. (c) of Figure 1 show another matching pair of
acute & obtuse angles with identical behaviour.
In Figure 2, the leftmost column of plots depict the full
picture of relative distortion estimates (cf. eq. (31)) when
the angle between the original high dimensional points varies
on the full range θ ∈ [0, 2π], and the target dimension varies
in k ∈ [0, 300]. We repeat for ǫ = 0.3 and ǫ = 0.1 as before,
and we also show in addition the analogous experiments for
the dot product under sign random projections. For the
latter we report the empirical probability of sign flipping
after RP:
ﬀ

(Rx)T Ry
<
0
(32)
P̂r
xT y

gles where the relative distortion can get arbitrarily large,
and from our theoretical analysis the relative distortion at
other angles should be symmetric around these values. This
is exactly what we see in these figures. Hence we conclude
that our bounds derived in the earlier sections accurately
reflect the behaviour of dot product preservation, and the
empirical evidence confirms our theoretical results. The extent of distortion of the dot product under RP is indeed
symmetrically identical for both acute and obtuse angles.

Target dimension k

dependent instances of the RP matrix R. For the sake of
concreteness and to directly compare with the results in [39]
we used i.i.d. Gaussian entries N (0, 1/k) for these simulations. Using each of these RP matrices, we project both x
and y to dimensionalities k ∈ {1, ..., 300}. For two different
distortion tolerances, ǫ = 0.1 and ǫ = 0.3, we empirically estimate the probability that the relative distortion of the dot
product after RP falls outside the allowed error tolerance,
i.e. we compute:
ﬀ

(Rx)T Ry
≤
(1
+
ǫ)
(31)
1 − P̂r (1 − ǫ) ≤
xT y
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(c) Sign projection
Figure 2: The full chart of rejection probability estimates for
the tolerance values of ǫ = 0.1 and ǫ = 0.3, and sign flips, as
the angle between the original vectors varies in [0, 2π] and
the target dimension varies from 1 to the original dimension d = 300. The plots in the leftmost column represent
empirical probability estimates computed from 2000 independent realisations; the rightmost column of plots are the
corresponding theoretical bounds. The grey levels indicate
the probability of distortion: Darker means higher probability. The match between empirical behaviour and theoretical
bounds is most apparent. Most importantly, all of these
probabilities are symmetric around the angles of π/2 and
3π/2 (i.e. orthogonal vectors before RP), which means that
the preservation of the dot product is symmetrically identical for both acute and obtuse angles.

5.

AN APPLICATION IN MACHINE LEARNING THEORY

There have been numerous successful practical applications of RP, as already pointed out in Section 1. In this

section we consider one of them, namely compressive classification with a norm-constrained linear classifier. SVM is
a good example of this, and previous studies e.g. in [20,
39, 13] already demonstrated experiments using RP-ed high
dimensional data sets. What is still lacking is a more complete theoretical understanding of the implications of using
RP for dimensionality reduction before performing the classification. A theory that establishes guarantees on the performance, and that would explain the observed empirical
performances is much desirable.

5.1 Margin bound on the generalisation error
of compressive linear classifiers
In this section we show how we can use our results presented in the earlier sections to bound the generalisation
error of norm-constrained linear classifiers that receive RPed data. This will be given in terms of the margin loss and
the empirical Rademacher complexity of the class of classifiers under study. To do this we will apply eq (26) of our
Corollary 3.2 in a special case.
Consider the hypothesis class of linear classifiers defined
by a unit length parameter vector:
T

H = {x → h(x) = w x : kwk2 = 1}

(33)

d

where w ∈ R , kwk = 1. The parameters w are estimated
from a training set of size N , denoted as T N = {(xn , yn )}N
n=1 ,
i.i.d
d
where (xn , yn ) ∼ D over X × {−1, 1}, X ⊆ R .
We will work with the margin loss, which is defined as the
following:
8
>
if ρ ≤ u
<0
ℓρ (u) = 1 − u/ρ if u ∈ [0, ρ]
(34)
>
:1
if u ≤ 0
The generalisation error (or risk) of a learner h ∈ H is defined as E(x,y)∼D [h(x) 6= y], and the empirical margin error
PN
of h is N1
n=1 ℓρ (h(xn )yn ).
We are interested in the case when d is large and N not
proportionately so. This is the case in domains where obtaining labelled examples is relatively expensive. Denote the
RP matrix R ∈ Rk×d , k < d, with entries Rij drawn i.i.d.
from a subgaussian distribution. The classifier only receives
the randomly projected data TRN = {(Rxn , yn )}N
n=1 .
In the reduced k-dimensional space we have analogous definitions, and we will use a subscript to refer to the reduced
space. So the hypothesis class in the reduced space is
√
T
HR = {x → hR (Rx) = wR
Rx : kwR k2 = kσ 2 }
(35)
where wR ∈ Rk are the parameters, which are estimated
from TRN by minimising
the empirical margin error:
PN
ĥR = arg min N1
n=1 ℓρ (hR (Rxn ), yn ).
hR ∈HR

We take the parameter of the entries of R to be σ 2 = 1/k
so the scale of the original data geometry remains the same
after RP on average. Thus, kσ 2 = 1.
The quantity of our interest is the generalisation error of
ĥR as a random function of both T N , and R – that is,
h
i
(36)
E(x,y)∼D ĥR (Rx) 6= y

5.1.1

Generalisation bound

We will make use of the empirical Rademacher complexity
of HR , which is defined as

R̂N (HR ) = Eγ [ sup

hR ∈HR

1
N

PN

n=1

γn hR (Rxn )], where

γ = (γ1 , ..., γN ) and γn takes values in {−1, 1} with equal
probability. Here we used that HR is closed under negation
i.e. HR = −HR so that no absolute value is needed in the
expression of the Rademacher complexity.
Theorem 5.1. Let R by a k × d, k < d matrix with i.i.d.
0-mean subgaussian entries with parameter 1/k, and a compressed training set TRN = {(Rxn , yn )}N
n=1 , where (xn , yn )
are drawn i.i.d. from some distribution D. For any δ ∈
(0, 1), the following holds with probability at least 1 − 3δ for
the empirical minimiser of the margin loss in the RP space,
uniformly any margin parameter ρ ∈ (0, 1):
h
i
E(x,y)∼D ĥR (Rx) 6= y ≤ min

h∈H

(

N
1 X
1 (h(xn )yn < ρ) + Sk ...
N n=1

v0
1
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u
„
«
u
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4
XX T
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1 u
@
A Tr
t
1+
+ 3 log(1/δ) Sk + · √
ρ
k
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log log2 (2/ρ)
+3
N

s

log(4/δ)
2N

where θn is the angle between the parameter vector of h
and the vector xn yn . The function 1(·) takes value 1 if its
argument is true and 0 otherwise. X is an N × d matrix
that holds the input points, and Sk = ...
8
>
>
>
>
B
>
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and (·)+ = max{·, 0}.
Proof.
Fixing R at first, we start from an existing margin bound
that holds for any hR ∈ HR , uniformly for any margin ρ ∈
(0, 1) [36] (Theorem 4.5), and which we apply in the reduced
space:
N
h
i
1 X
E(x,y)∼D ĥR (Rx) 6= y ≤
ℓρ (ĥTR (Rxn )yn )
N n=1
r
r
log log2 (2/ρ)
log(4/δ)
4
+3
+ R̂N (HR ) +
ρ
N
2N

(37)

Now, for the empirical risk minimiser of the margin loss we
have that:
„
«
N
N
(Rw)T
1 X
1 X
ℓρ (ĥTR (Rxn )yn ) ≤
ℓρ
Rxn yn
(38)
N n=1
N n=1
kRwk
„ T T
«
N
1 X
w R Rxn yn
≤
1
<ρ
(39)
N n=1
kRwk

for any choice of h ∈ H defined by parameter vector w,
Rw
∈ HR , and eq. (39) is due to an upper bound
because kRwk
on the margin loss.
PN
T
We add and subtract N1
n=1 1(w xn yn < ρ), and notice
that:
N
1 X
1
N n=1

!
N
wT RT Rxn yn
1 X
T
1(w xn yn < ρ)
<ρ −
kRwk
N n=1
!
N
“
”
1 X
wT RT Rxn yn
T
≤
1
< ρ · 1 w xn yn ≥ ρ
N n=1
kRwk

(40)

Now, we exploit the fact that the right hand side in eq. (40)
is a random variable that takes values in the bounded interval [0, 1]. Hence we can apply a Chernoff bound (Theorem

1.1 in [18]) to get the following upper bound:
(
)
N
”
wT RT Rxn yn
1 X “ T
1 w xn yn ≥ ρ PrR
< ρ ...
N n=1
kRwk
v
u
 T T
ﬀ
N
q
u1 X
w R Rxn yn
1 (wT xn yn ≥ ρ) PrR
< ρ (41)
+ 3 log(1/δ)t
N n=1
kRwk
≤

w.p.n1 − δ. From eq. (41)
o we see that it is enough to bound
T T
Rxn yn
PrR w RkRwk
< ρ when wT xn yn ≥ ρ. We will do this
by applying our Corollary 3.2 to the vectors w and xn yn .
First, rewrite for any ǫ > 0:

ﬀ
wT RT Rxn yn
< ρ ≤ ...
kRwk
n“
” `
√
√
´o
T T
w R Rxn yn < ρ 1 + ǫkwk ∨ kRwk > 1 + ǫkwk
PrR
(42)
PrR



This is easy to see as the statement in the probability on
the l.h.s. implies the one on the r.h.s. (the negation of the
second statement implies the negation of the first).
Now, eq. (42) is upper bounded using the union bound:
n
o
√
≤ PrR wT RT Rxn yn < ρ 1 + ǫkwk
√
˘
¯
+ PrR kRwk > 1 + ǫkwk

(43)

We apply our Corollary 3.2 eq. (26) to the first term, and
the Johnson-Lindenstrauss lemma to the second term. Since
we have wT xn yn ≥ ρ, and kwk = 1, and√the first condition
needed to apply eq.(26) is wT xn yn > ρ 1 + ǫkwk we will
use the function (·)+ = max{·, 0}. The second condition is
trivially satisfied because ρ > 0. Thus, we get that eq. (43)
is upper bounded by the following:
(
√

„
«2 )
ﬀ
k 2
ρ 1+ǫ
k
+ exp − ǫ
cos(θn ) −
(44)
exp −
8
kxn k
8
+
We may chose to have the last
q term equal to δ and express
ǫ as a function of δ i.e. ǫ = 8 log(1/δ)
.
k
Replacing this into eq. (41) completes the bound on the
empirical margin loss term of eq. (37).
Finally, R̂N (HR ) can be bounded by exploiting that kĥR k2 ≤
1, in the same way as in [27] with a modification that allows
us efficient bounding w.h.p. with respect to the random
draws of R:
R̂N (HR ) =
=

≤
≤
=

≤

N
1 X
γn hR (Rxn )]
hR ∈HR N n=1

Eγ [ sup
Eγ [

N
X
1
γn Rxn ]
wR
wR :kwR k2 ≤1 N
n=1

sup

N
X
1
γn Rxn k2 (by Cauchy-Schwartz)
Eγ k
N
n=1
v
u
N
X
1u
tEγ k
γn Rxn k22 (by Jensen ineq.)
N
n=1
v
u N
X
1u
t
kRxn k22 (independence of γ1 , ...γN )
N n=1
v
u
N
1 u
1 X
√ t(1 + ǫ)
kxn k22
(45)
N n=1
N

with probability 1 − exp(−kǫ2 /8). Eq. (45) follows by a
Chernoff bound for dependent variables [38]. Rearranging,
we get that w.p. 1 − δ,
R̂N (HR )

≤

v
! „
r
u
«
8 log(1/δ)
XX T
1 u
√ t 1+
Tr
(46)
k
N
N

where X is the matrix that holds the input points.
Combining the three probability bounds, i.e. eq. (46), eq.
(44) and eq. (37) that each hold w.p. 1−δ, the union bound
gives the statement of the theorem. ¤

5.1.2

Discussion

Some comments are now in order. There has been previous work bounding the error of compressive classifiers based
on the preservation of a margin [4, 6, 13, 37]. The works of
[4] and [6] concern the case of classes that are linearly separable by a margin. The results in [13] and [37] do not make
this assumption but they assume that the data has a sparse
representation. The result in [37] is specific to the SVM.
In contrast, we do not assume class separability, and do
not assume a sparse representation – in fact we do not make
any assumption on the data. Margin bounds hold true irrespective of class separability, and so does our bound in
Theorem 5.1. Of course, as all margin bounds, our bound is
tightest when most points do have a large margin, since this
is when the empirical error term (the first term on the r.h.s.)
is small. Also note that the margins of all points participate
in the bound. In particular, cos(θn ) is the normalised margin
of the n-th point, and the terms of Sk decay exponentially
with this quantity. The average of unnormalised margins
also features in the first term on the r.h.s., i.e. the empirical
error term. Overall, the bound may be seen as a margin
distribution bound for compressive linear classifiers.
It is insightful to look at what the obtained bound tells
us. Notice that, apart from the Sk terms, the r.h.s. of
eq.(5.1) has the same flavour as the margin bound in data
space – with the margin ρ balancing between the empirical
margin (first term) and the Rademacher
complexity (fourth
p
term). The latter shrinks with ρ/ Tr(XX T /N ) (i.e. margin divided by diameter) just like the empirical Rademacher
complexity of the uncompressed function class H does. To
make this link more precise, we can rewrite eq. (46) as the
following:
s
r
8 log(1/δ)
R̂N (HR ) ≤ 1 +
· R̂N (H)
(47)
k
We see this is no larger than (1 + ǫ) times the empirical Rademacher complexity of the original H, where ǫ =
q
8 log(1/δ)
.
k
Now, Sk is a penalty we get for working in the RP space:
It penalises the good points to some extent – i.e. those points
that have margin at√least ρ – by how close their margin actually is from (an 1 + ǫ multiple of) ρ. These penalties
shrink exponentially with k,√and the points whose margin
is in the small interval [ρ, ρ 1 + ǫ] will get penalty 1 just
as the points that didn’t have a margin ρ. Overall, this is
the term that reveals some influential characteristics of the
data distribution that permit the classification task to be
solved well and efficiently in a random subspace by the considered function class. In the present case this is governed
by the distribution of margins of the uncompressed train-

ing points,
√ namely most points should have a margin larger
than ρ 1 + ǫ.
It might be interesting to note also that the bound does
not depend on d but only on the margin parameter ρ. Due
to the norm constraint on the parameter vectors wR and
w, this is also the case for the dataspace margin bound –
the Rademacher complexity does not depend on d as the
VC dimension would. So, for the class of classifiers analysed
here we do not get a reduction of the complexity term by
doing RP – in contrast to the VC bound based analysis in
[19]. Such reduction would only occur in the unregularised
linear function class analysed in [19], and could be more
pronounced in the case of peculiar data distributions where
VC bounds are tight.
Figure 3 illustrates the predictive behaviour of our bound
on the UCI data set of Advert classification, in comparison with the alternative VC-type bound in [19], and the
actual performance estimated on holdout sets using SVM
with default settings and 30 random splits (in proportion
2/3 training & 1/3 testing) of the data. We used δ = 0.1
and ρ = 0.05. This data set was previously used in [20],
it has d = 1554 features and N = 3279 points. We standardised the data first, and scaled it to
max kxn k = 1.
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optimal bounds on the Euclidean distance in the JohnsonLindenstrauss lemma. This is pleasing for at least two reasons: From the conceptual point of view, it is the inner
product that defines a norm, in particular the dot product
defines the Euclidean norm – hence a guarantee that holds
on the latter was quite natural to expect to hold also on the
former. From the practical point of view, the dot product is
ubiquitous in algorithms for data mining and machine learning. The use of random projections to speed up such algorithms or to perform privacy preserving data mining without
much distortion in performance can now be better justified.
Previous guarantees on the preservation of the dot product
under random projections have been loose and incomplete,
and left room for controversy. Our results shed light on these
issues and give the precise way in which the relative distortion of the dot product under random projection depends
on the angle between the original vectors. This dependence
turned out to have an intimate relationship with the notion
of margin in the context of generalisation theory. We also
obtained connections with sign random projections, generalising earlier results. We demonstrated numerical simulations
that confirm the validity of our theoretical results. Finally
we provided an application of our results in learning theory,
where we derived a new margin distribution type generalisation error bound for compressive linear classifiers under
the margin loss.
Our proof technique applies to any independent-entry subgaussian random projection matrix, which includes sparse
and bit-flipping variants [1]. An interesting question for
future work would be to investigate whether it could be
adapted to other Fast JL transforms such as those in [2].
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Figure 3: Illustration of the theoretical error bound of Theorem 5.1 in comparison with the VC-type bound in [19] and
the actual performance of SVM on holdout sets, using the
Advert classification data set. The error bars on the latter plot represent one standard deviation over 30 independent random train-test splits of the data. The gain in the
tightness of our new bound is most apparent, as well as the
agreement between the theoretical error bound (which predicts performance based on training errors only) and the
actual holdout estimates of the performance.
As expected at this sample size, our new bound is tighter
than the VC bound in [19] and both bounds predict well the
trend in the holdout errors. The gain in tightness is due to
the tighter complexity term that is able to take advantage of
the norm constraint on the parameter vector and does not
grow with the input data
√ dimension (k), whereas the VC
complexity grows with k. This is of course offset by the
magnitudes of Sk that are obviously larger than the corresponding flip probabilities in [19] (which correspond to the
case ρ = 0) – in line with the spirit of margin bounds. We
have not investigated whether the expression of Sk could be
improved, e.g. if the union bound in eq.(43) in the proof
could be avoided as well, this remains for future work.

6. CONCLUSIONS
In this paper we proved new bounds on the dot product
under random projection that take the same form as the

7.
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